Mathematica 11.3 Integration Test Results

Test results for the 397 problems in "4.7.3 (c+d x)"m trig"n trig"p.m"
Problem 32: Result more than twice size of optimal antiderivative.
j(c+dx)4Cot[a+bx] dx

Optimal (type 4, 151 leaves, 7 steps):
i(c+dx)® (c+dx)*Log[1-e?t @DbX)]
- +

5d b
2id(c+dx) ’PolyLog[2, e?! (@2X) ] 342 (c+dx) ?Polylog|[3, e?! (3% ]
b2 + b3 +
3id® (c+dx) Polylog[4, e (®¥) | 3d*Polylog|5, e*! (20X |
b 2 b
Result (type 4, 527 leaves):
2icddnx 1 41ic3dxArcTan[Tan[a
TR i d R ied K- —id xS — [Tanfall |
b 5 b
2c3dnlog|l + e21bx 6 c2d?x?Log|1 -2t (atbX)
2c3dx?Cotla] + [ }+ [ ]+
b2 b
4cd3x3 Log{l_‘EZi(aéfbx)] d* x4 Log{l_ebi(aéfbx)] 4C3dXLog{1_‘eZi(bx+Ar‘cTan[Tan[a]])]
+ + +
b b b
4 c3dArcTan[Tan[a]] Log[1 - e2! (bxArcTan(Tan[a)]]) | 5 (3 g 7 | og[Cos [b x] ]
b2 i b2 :
c*Log[Sin[a+bx]] 4c3dArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]]
b b2
2id?x (3c?+3cdx+d?x?) Polylog[2, e?! (3:®X) | 2 c>dPolylog|2, ! (bx+ArcTan(Tan(all) |
b2 ) b2 ’
3c2d?Polylog[3, e (@*¥ | 6cd®xPolylLog[3, e2! (@®X ] 3d*x2PolylLog|3, e2! (30X |
b3 " b3 : b3 "
3icd®Polylog|4, e2* (3:5X)] 3] d*x PolylLog[4, e?! (30X ]
b : b )

3d*PolyLog|5, e?! (2:0%) |

. _2 C3 d eiArcTan[Tan[a]] X2 Cot[a} Sec [a}z
2b
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Problem 33: Result more than twice size of optimal antiderivative.

J(c+dx)3Cot[a+bx] dx

Optimal (type 4, 127 leaves, 6 steps):

i (c+dx)4 (c+dx)3Log[1—e“(a*bX>] 31d (c+dx)2PolyLog[2, @2t (atbX) |
© 4d b ) 2 b2

3d* (c+dx) PolylLog|3, e (a0 . 3 i d*PolyLog[4, e?! (30X |

2b3 4p*

+

Result (type 4, 4101leaves):

1
— (611b3c2d7rx—411b4cd2x3—ib4d3x4—1211b3c2dxAr‘cTan[Tan[a}] +
4b

6b*c?dx?Cot[a] +6b2c?drlog[l+e 2 PX] +12b%cd®x? Log[1-e?! (3PN ] 4

4b3 d3 X3 LOg[lf eZJi (a+bx)} +12 b3 c2 d x LOg[lf eZJi (bx+Ar‘cTan[Tan[a]])] 4
12b%c>dArcTan([Tan[a] ] Log[1 - 2! (bx+ArcTan(Tan(all) | _ g b2 ¢2d 1 Log[Cos [bx]] +
4b3c3Log[Sin[a+bx]] -12b?c?dArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] -
6ib’>d’x (2c+dXx) PolyLog[2, e** (®¥ | — 6 i b? c*d Polylog[2, e** (bxsArcTan(Tan(all) |
6 b cd?PolylLog[3, e (3**X) ] + 6 b d®x PolylLog[3, e?* (@PX) ]

3id’Polylog[4, ! (@ ] _gb*c?delArcTan(Tan(all x2 cot [a] +/Sec[a]? J

Problem 34: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx] dx

Optimal (type 4, 93 leaves, 5steps):

i (c+dx)3 (c+dx)2|_og[1_eu(a+bx>]
3d : b

id (c+dx) PolyLog|2, e?! (2:0X) ] . d? PolylLog|[3, e?® (20X |

b2 2b3
Result (type 4, 287 leaves):
1
— (61‘1bzcdfrx—zJib3d2x3—12JibzcdxAr'cTan[Tan[a]} +6b3cdx?Cot[a] +
6b
6bcdrlog[l+e?*PX] +6b2d? x> Log[1l-e?’ @P¥ ] +12b%cdxLog[l- 2! (PxwArcTan(Tan(all) ]
12bcdArcTan[Tan[a]] Log[1 - 2! (bxwArcTan(Tan(all) | _ g b cdrLog[Cos[bx]] +

6b%c? Log[Sin[a+bx]] -12bcdArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] -
61 bd?xPolyLog[2, e (@®¥ | _6ibcdPolyLog[2, ! (Px+ArcTan(Tan(all) ]

3d?PolyLog[3, e (@'PX) ] — b cd el ArcTanlTanlall x2 cot [a] +/Sec[a]? )
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Problem 35: Result more than twice size of optimal antiderivative.
J(c+dx) Cot[a+bx] dx
Optimal (type 4, 65leaves, 4 steps):

i (c+dx)2 (c+dx) Log[1-e2t @b ] jdPolylog[2, e2t (30X
_ N _
2d b 2 b?

Result (type 4, 180 leaves):

1 L Si b
—dx?Cot[a] + clogl>infa+bx]] _

2 b

. 1
[d Csc[a] Sec[a] [bz eiArctaniTan(al] 2, — (i bx (-7+2ArcTan[Tan[a]]) -

1+Tan[a]?
nLog[1+e’“bX} -2 (bx+Ar‘cTan[Tan[a}]) Log[l—e“L <bX*A"CTa”[Ta”[a”>} +
sLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

iPolylog|2, ! (b"*A"Ta”[Ta“[a”)]) Tan[a]]]/ (2 bZJSec[a]2 (Cos[a]?+sSin[a]?) )

Problem 39: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx] Cscla+bx] dx

Optimal (type 4, 208 leaves, 10 steps):
8d (c+dx)’ArcTanh[e! @®¥ ] (c+dx)*Cscla+bx]
) b2 ) b
121 d? (c+dx)*PolyLog[2, -e* @] 121 d? (c+dx)?PolyLog[2, et (30 ]
b3 b3
24d* (c+dx) Polylog[3, -e' (20X | . 24.d* (c+dx) Polylog[3, et (20|
b* b*

24 i d* Polylog|4, —e' (2®X) | 24 i d*PolyLog|4, e' (30X |
+

b® b®

+

Result (type 4, 458 leaves):
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1 .
- 8b> c®dArcTanh[e! @*) | 1 b* c* Cscla+bx] +
b

4b*c3dxCscla+bx] +6b*c?d?x?*Cscla+bx] +4b*cd®*x®*Csc[a+bx] +
b*d*x*Csc[a+bx] -12b3c? dzxLog[l—ejl (a*bx>] —12b3cd®x? |_og[1,<eil (a+b><>] _
4b%d*x® Log[1-e' @] 112b3c?d? x Log[1+e' (P ] +12b% c d® x? Log[1 + e (0 | 4
4b>d*x* Log[1+e’ @®¥ ] ~121b2d? (c+dx)?PolyLog[2, -e! (P ] +

12 b?d? (c+dx)?PolyLog[2, e* ***X)] + 24 b cd’ Polylog[3, -e' (@®X ] +

24 b d* x Polylog[3, -e’ @ | - 24bcd®PolyLog[3, e @0X | -

24bd* xPolyLog[3, ef *®¥) ] + 24 1 d* PolyLog[4, -e' *®¥ ] 24 i d* PolyLog[4, e (30X ])

Problem 41: Result more than twice size of optimal antiderivative.
J(c+dx)2Cot[a+bx] Csc[a+bx] dx

Optimal (type 4, 90 leaves, 6 steps):

4d (c+dx) ArcTanh[e! (30X | (c+dx)2Csc[a+bx]

+

b? b
2i d?Polylog[2, -e! (3*°X) ] 21 d?Polylog|2, el (30X |
b3 ) b

Result (type 4, 234 leaves):

1 . b x 2 2
— —8bchr‘cTanh[Cos[a]—Sln[a]Tan[TH -2b? (c+dx)*Cscla] +
2b

) X b x 1
4d° |2ArcTan[Tan[a]] Ar‘cTanh[Cos[a] -Sin[a] Tan[fH y—

2 Sec[a]?

( (bx+Ar‘cTan[Tan [a] } > <Log[1 _ ei (bx+Ar‘cTan[Tan[a]])} _ Log[l N e]‘l (b x+ArcTan([Tan[a]]) ] ) i

i PolyLog [2, _ejl (bx+ArcTan[Tan[a]]) ] _ i PolyLog [2, e]i (bx+ArcTan[Tan[a]]) ] ) Sec[a]| +

b2 (c+dx)2Csc{i] Csc|
2

N |-

(a+bx)] Sin[b%} - b? (c+dx)25ec[§] Sec|

N |

. bx
(a+bx)] Sln[T]

Problem 42: Result more than twice size of optimal antiderivative.
J(c+dx) Cot[a+bx] Csc[a+bx] dx
Optimal (type 3, 30leaves, 2 steps):

dArcTanh[Cos[a+bx]] (c+dx)Cscla+bx]
b2 b

Result (type 3, 131 leaves):
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dxCsc[a] cCscla+bx] d Log|Cos |

b ) b b2 b2
b

dszc[g} Csc[§+

2b 2b

Problem 46: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx] Cscla+bx]2dx

Optimal (type 4, 137 leaves, 7 steps):
2id (c+dx)> 2d(c+dx)’Cot[a+bx]

b? b2
(c+dx)4Csc[a+bx]2 6 d2 (c+dx)2Log[1,e2Ma+bX)]
+ _
2b b3
61id®> (c+dx) Polylog|2, e*® (@**X | 3d%Polylog|3, e’ (20|
+
b4 bS

Result (type 4, 412leaves):

(c+dx)4Csc[a+bx]2 1

2b 2b°
d*e?Cscla] (2b?x? (2be®*?x+3i (-1+e?!?) Log[1-e? X ]} 4
6b (-1+e’'?) xPolylog[2, e @] +3i (-1+e?*?) PolyLog|3, e*! (@®X) |) &
(6 c*d*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]?+sin[a]?)) +b1—2
2Cscfa] Csc[a+bx] (c*dSin[bx] +3c*d®>xSin[bx] +3cd®x*Sin[bx] +d*x*>Sin[bx]) -

{6 cd®Csc[a] Sec[a]

) 1 .
b? etArcTaniTaniall x2 . — (i bx (-;+2ArcTan[Tan[a]]) - nLog[1+e'°X] -

1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e?! (PxArcTaniTan(all) | 4 s Log[Cos[bx]] +
2ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, ! (°ox-ArcTaniTan(all) ] )

Tan[a]

/(b“\/Sec[a]z (Cos[a]?+sSin[a]?) )

Problem 47: Result more than twice size of optimal antiderivative.

J(c+dx)3Cot[a+bx] Cscl[a+bx]?dx

Optimal (type 4, 115leaves, 6 steps):
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31‘1d(c+dx)2 3d(c+dx)2Cot[a+bx} (c+dx)3Csc[a+bx]2
) 2 b2 ) 2 b2 - 2b
3d2 (c+dx) Log[1-e?i(@X] 31 d?Polylog[2, e (0% |
b . 2b4

+

Result (type 4, 277 leaves):

(c+dx)’Cscla+bx]?

+

2b
(3cd?Csca] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
1

b3 (Cos[a]?+Sin[a]?)) +

X IR
3Cscla] Cscla+bx] (c*dSin[bx] +2cd’*xSin[bx] +d*x*Sin[bx]) -

i 1
[3 d3®Csc[a] Sec[a] [b2 eiArctanitanial] 2, — = (ibx (-7 +2ArcTan[Tan[a]]) -
1+Tan[a]?

nlog[1+e?'PX] -2 (bx+ArcTan[Tan[a]]) Log[1- e2* (bxArcTan(Tan(all) |
sLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

iPolyLog[Z, 2t (bX+ArcTan[Tan[a]])]) Tan[a]]]/ (2 b“\/Sec[a}2 (Cos[a}2+Sin[a]2) )

Problem 48: Result unnecessarily involves imaginary or complex numbers.
J(c+dx)2Cot[a+bx] Cscla+bx]2dx
Optimal (type 3, 54 leaves, 3 steps):

d (c+dx) Cot[a+bx] (c+dx)2Csc[a+bx12 d? Log[Sin[a+bx]]
) b2 : 2b ' b3

Result (type 3, 94 leaves):

1 i 2 .2 2 2 2 2
—3(21bd x-2id*ArcTan[Tan[a+bx]] -2bd?xCot[a] -b* (c+dx)“Csc[a+bx]?+
2b

d’ Log[Sin[a+bx]?] +2bd (c+dx) Csc[a] Csc[a+bx] Sin[bx})

Problem 98: Result more than twice size of optimal antiderivative.

J(c+dx)4Cos[a+bx] Cot[a+bx] dx

Optimal (type 4, 333 leaves, 17 steps):
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2 <c+dx)4Ar‘cTanh[ej “*"’”} 24d*Cos[a+bx] 12d? (c+dx)2Cos[a+bx}

- +

+

b b> b3
(c+dx)*Cos[a+bx] 4id(c+dx)’PolylLog[2, -ef (0% ]
+ _
b b2

4id(c+dx)’Polylog[2, el @®¥ ] 12d? (c+dx)*Polylog[3, -e' (30X |

b2 - b3 +
12d? (c+dx)?Polylog[3, e! P | 241 d* (c+dx) PolyLog[4, -e' (30X ]

b3 B b4 i
24]1d3 <C +dX> POlyLOg[4, (eil (a+bX)] 24 d4 POlyLOg[S, 7(e1'1 (a+bx)]

b4 + b5 —
24 d* Polylog|[5, e @*°¥ ] 24d? (c+dx) Sin[a+bx] 4d (c+dx)’Sin[a+bXx]

b5 * b4 h b2

Result (type 4, 812leaves):

;—5 (—2b4 c* ArcTanh[e! X ] 1 b* c* Cos[a+bx] -12b? c?d?Cos[a+bx] +
24d*Cos[a+bx] +4b*c>dxCos[a+bx] -24b%cd®xCos[a+bx]+
6b*c2d*x>Cos[a+bx] -12b2d*x*Cos[a+bx] +4b*cd®x3Cos[a+bx] +
b* d* x* Cos[a+bx] +4b*c>dxLog[1-e! @PX ] 6b*c?d?x? Log[1-e! @PX)]
4b*cd®x® Log[1-e! @P¥ | +b*d*x* Log[1-e! @Y | —ab*Fdxlog[l+el @] -
6b* c2d?x? Log[1+e* @P¥ | —4b*cd®x® Log[1+e' 3P| - b*d*x* Log[1+e (0¥ ] 4
41b3d <c+dx)3PolyLog[2, —et @00 ] 44 b3d (c+dx)3PolyLog[2, el (0] _
12b% c? d? Polylog[3, e’ @**¥ | - 24 b2 c d® x PolyLog |3, -e' (X | -
12b% d* x? Polylog|3, -e’ @**) | + 12 b2 2 d* PolyLog|[3, e' (@PX) | &
24b% c d® x Polylog[3, e @*®* ] + 12 b? d* x? PolyLog[3, e* 0% | -
24 i bcd®Polylog[4, -e' @P¥ ] 241 bd*xPolylog[4, -e' (@PX ] 4
24 i bcd®Polylog|4, e' ®¥ | +24 i bd*xPolylLog|4, e @°¥) | + 24 d*PolyLog|5, -e’ (@PX) ] -
24 d*Polylog |5, e' (@*¥) ] —4b* c3dSinfa+bx] +24bcd®Sin[a+bx] -
12b3c?d?xSin[a+bx] +24bd*xSin[a+bx] -12b3cd®*x?Sin[a+bx] —4b3d4x3Sin[a+bx])

Problem 99: Result more than twice size of optimal antiderivative.

J(c+dx)3Cos[a+bx] Cot[a+bx] dx

Optimal (type 4, 254 leaves, 14 steps):
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2 <c+dx)3Ar‘cTanh[ej @bx) ] gd2 (c+dx) Cos[a+bx]
b . b3
(c+dx)’Cosfa+bx] 3id(c+dx)?PolyLog[2, -ef (@0 ]
b : b2 i
3id (c+dx)?Polylog[2, e! @P¥ ] 6d? (c+dx) PolylLog[3, -et (30X ]
b2 b3
6d? (c+dx) Polylog[3, e! (3*®¥ | 61 d*>Polylog|4, -e' (20X |
b3 i b i
61d3 PolyLog[4, et <a*bx>} 6d3Sin[fa+bx] 3d (c+dx)ZSin[a+bx}

+

b* b* b?

+

+

Result (type 4, 512leaves):

1 )

-~ (72b3 c® ArcTanh [e! @®* | + b*> 3 Cos[a+bx] -6bcd?Cos[a+bx] +

b
3b>c?dxCos[a+bx] -6bd*>xCos[a+bx] +3b3>cd*x?Cos[a+bx] +b3>d*x3Cos[a+bx] +
3b%c?dxLlog[l-e! @P¥ ] +3b3cd?x?Log[1l-e' (@] 4 b3 d?x?Log[1-e! (@0 ] -
3b°c?dxlog[l+e! @P¥ ]| -3b3cd®x?Log[1+e’ @PX ] b3 d3x Log[1+e! (@PX ] +
3ib*d (c+dx)?Polylog|2, -e @*®¥ | -31ib?d (c+dx)*Polylog|2, e! (@0X)] -
6 b cd?Polylog[3, -e' @*"¥ ] -6 bd®>xPolyLog|3, -e' @ ]| +6bcd?Polylog|3, e' (PX ] +
6 b d®>x PolyLog[3, e* ®**¥)| -6 i d®PolylLog|4, -e' @ | + 61 d®PolyLog[4, e* *P¥) ] -
3b>c?2dSin[a+bx] +6d>Sin[a+bx] -6b%cd?xSin[a+bx] —3b2d3xzsin[a+bx])

Problem 105: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx]2d1x

Optimal (type 4, 155leaves, 8 steps):
i(c+dx)® (c+dx)® (c+dx)*Cot[a+bx]

- - - +

b 5d b
4d <c+dx)3 Log[1-e2! (@5 ] 6j d? (c+dx)2PolyLog[2, @2 (a+bx) |
b2 . b3 *
6d> (c+dx) Polylog[3, e2® @®X) | 3jd*Polylog|4, e?! (30X
+
b* b5

Result (type 4, 592 leaves):
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1 1
-=x (5c4+10c3dx+10c2d2x2+5cd3x3+d4x4) -
5 b
cd®e’?Cscla] (2b>x* (2be?*'?x+31 (-1+e?'?) Log[1-e?! (P )

6b (-1+e’'?) xPolylog[2, e @®¥ | +3i (-1+e’"?) Polylog|3, e*! (@*¥ ) —i

1

d*e'?Cscla] [x*+ (-1+e??) x*+
2 b4

e?t? (-1+e”'?) (2b*x*+ 41 b Log[1-e®! (¥ ] 4

6 b> x? Polylog[2, e ®*X) | + 6i bxPolylog[3, e** ®*X)| -3 PolyLog|4, e*! (@PX) |) | +
(4c®dCscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /

(b* (Cos[a]®+sSin[a]?)) + iCsc[a] Cscla+bx]

(c*sin[bx] +4c®dxSin[bx] +6c*d*x*Sin[bx] +4cd®>x*>Sin[bx] +d*x*Sin[bx]) -

) 1
6 c®>d®Csc[a] Sec[a] |b?eArcTaniTaniall x2y — = (i bx (-n+2ArcTan[Tan([a]]) -
1+Tan[a]?
nlog[1l+e 2P| -2 (bx+ArcTan[Tan([a]]) Log[1 - 2! (bx+ArcTan(Tan(all) |
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxsArcTan(Tan(all) 1) Tan[a] / (b3\/5ec[a}2 (Cos[a]?+sin[a]?) )

Problem 106: Result more than twice size of optimal antiderivative.
J(c+dx)3Cot[a+bx]2d1x

Optimal (type 4, 127 leaves, 7 steps):
i(c+dx)? (c+dx)? (c+dx)3Cot[a+bx} 3d <c+dx)2Log[1—e“<a*bx)]

+ —

b  ad b b
3id? (c+dx) Polylog[2, e?! (2®¥ | 3d3PpolyLog|3, e?! (20X |
+
b3 2 b*

Result (type 4, 418 leaves):
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—lx(4c3+6c2dx+4cd2x2+d3x3)—i
4 4p*
d*e'?Cscla] (2b?x? (2be?*?x+3i (-1+e?!?) Log[1-e? X ]) 4
6b (-1+e’'?) xPolylog[2, e @ ]| +3i (-1+e?*?) PolyLog|3, e*! (®X) |) &
(3c?dCsca] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b* (Cos[a]?+sin[a]?)) +§
Cscla] Cscla+bx] (c*Sin[bx] +3c*dxSin[bx] +3cd®*x*Sin[bx] +d>x>Sin[bx]) -

[3 cd?Csc[a] Sec[a]

) 1 .
b? gt ArcTan(Tan(all x2, —————— (i bx (-7 +2ArcTan[Tan[a]]) -nlog[1l+e24bx] -

1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e?! (PxArcTaniTan(all) | 4 st Log[Cos[bx]] +
2ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, ! (bxwArcTaniTan(all) ] )

Tan[a]

/(b3x/Sec[a]2 (Cosfal®+sin[a]?) )

Problem 107: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx]2d1x

Optimal (type 4, 97 leaves, 6 steps):

i (c+dx)2 (c+dx)3 (c+dx)2Cot[a+bx1
b  3d b

2d (c+dx) Log[1-e2® (35X ] i d2 polyLog[2, e?! (30X ]

b2 b3

+

Result (type 4, 268 leaves):
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—lx(3c2+3cdx+d2x2)+
(2cdcCscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b* (Cos[a]?+sin[a]?)) +
Cscla] Csc[a+bx] (c2Sin[bx] +2cdxSin[bx] +d?x?Sin[bx])
b

d?Csc[a] Sec[a]

) 1 .
b? gt ArcTan(Tan(al] 2, ——————— (i bx (-7 +2ArcTan[Tan[a]]) -nlog1l+e2ibx] -

1+Tan[a]?
2 (bx+ArcTan[Tan[a]]) Log[1 - e?! (PxArcTaniTan(all) | 4 s Log[Cos[bx]] +
2 ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] + i PolyLog[Z, @21 (bx+ArcTan[Tan[a]]) ] )

Tan[a] /(bg’\/Sec[a]2 (Cosfal®+sin[a]?) )

Problem 112: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx]2Csc[a+be dx

Optimal (type 4, 416 leaves, 31 steps):
12d? (c+dx)?ArcTanh[e! @®X ] (c+dx)*ArcTanh[e! X ] 2d (c+dx)>Csc[a+bx]

b3 b b2
(c+dx)*Cot[a+bx] Csc[a+bx] 12id® (c+dx)Polylog[2, -e! (@PX]
+ —
2b b
21id (c +d x) } PolyLog[Z, -et <a+b><>] 121 d3 (c +d x) Polylog [2, el (a+bx)]
b2 - b4 +
2id (c+dx)’Polylog[2, e! @P¥ ]  12d*Polylog[3, -et (2% |
b2 B b5 v
6d? (c+dx)?Polylog[3, -e! (3*®¥ | 12d*PolyLog|[3, e’ (30X ]
b + bs _
6 d? (c +d x) 2 PolyLog[3, el (a+bx)} 121 d3 (c +d x) PolyLog[4, _el (a+bx)]
b3 + ” _
121 d® (c+dx) Polylog|[4, e (3*®X) ]  12d*Polylog|5, -e* @*®¥ | 12d*PolyLog[5, e* (30X |
- +
b* b> b

Result (type 4, 966 leaves):
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1 . . .
— -b*c* Log[1-e' @] +12b*c?d? Log[1-e! @Y ]| —ab* P dxlog[l-e! @]
2b
24b?cd®xLog[1-e* @¥ ]| —6b*c?d’ x? Log[1-e’ @] +12b? d*x* Log[1-e! (®®X¥) | -
4b*cd®x®Log[1-e ¥ | _b*d*x* Log[1- e’ @] 1 b*c* Log[1+e! (@) ] -
12b*c?d?* Log[1+e* @PX ] 1 4b* 2 dxLog[l+e’ @P¥ ] -24b2cd®xLog[l+e! @PX ]+
6b* c2d?x? Log[1+e* (¥ | ~12b%d* x? Log[1+e! @ | +4b*cd®x® Log[1+e* (PX ] 4
b* d*x* Log[1+e' **¥ ] -4ibd (c+dx) (-6d2+b? [c+dx)?) PolyLog[2, - %] .
4ibd (c+dx) (-6d2+b2 (c+dx)2) Polylog[2, e! (3% ] +12b? c2 d? PolyLog[3, -e! 3% ] -
24 d* Polylog|3, -e' (¥ | 4+ 24 b? c d® x Polylog[3, -e' @P* |
12b? d* x? Polylog[3, -e! (@*X¥ ] ~12b2 c? d? PolyLog|3, e’ (@PX) ] 4
24 d* Polylog|3, e' @*®¥ | - 24 b2 c d®* x PolyLog|3, e (@*PX) ] -
12b? d* x? Polylog[3, e* (@®¥ | + 24 i b c d® PolyLog[4, -e' (@PX) ] &
24 i bd*xPolyLog[4, -e' @*¥) | - 24 bcd®PolylLog|4, e' (@] -
24 i bd*x PolyLog[4, e @***) | - 24d*Polylog[5, -’ @** | 1+ 24d* PolyLog|5, et <a*bx>}) -
1
—ZCsc[aerx}2 (bc*Cos[a+bx] +4bc’>dxCos[a+bx] +6bc?d*x*Cos[a+bx] +
2b
4bcd*x3Cos[a+bx] +bd*x*Cos[a+bx] +4c3dSin[a+bx] +
12c*d*xSinfa+bx] +12cd’>x*Sin[a+bx] +4d*x*>Sin[a+bx])

Problem 114: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx]2Csc[a+bx1 dx

Optimal (type 4, 179leaves, 17 steps):
(c+dx) ?ArcTanh[e! @**X) | g2 ApcTanh([Cos[a+bx]] d (c+dx) Cscla+bx]

b b3 b2
(c+dx)*Cot[a+bx] Csc[a+bx] id (c+dx)PolyLog[2, -e’ (@0X]
2b ) b? :
id(c+dx) PolyLog|2, el *®*¥) ] d?Polylog|3, -e! (@®* | d?Polylog[3, e! (20X
b2 * b3 N b3

Result (type 4, 471 leaves):
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_d (c+dx) Cscla] . (-c2-2cdx-d?x?) csc[§+b2_x]2 .

b? 8b

1 (-b?c?Log[1-e' ¥ ] +2d*Log[1-e' ®®¥ | -2b’cdxlog[l-e’ P ] -

2b3

b?d?*x? Log[1- e @®X ] +b? c? Log[1+e' @] - 2d? Log[1+e! (@PX ]+

2b*cdxLlog[l+e! @®¥ ]| +p2d*x? Log[1+e’ @®¥ ]| -2ibd (c+dx) PolyLog[2, e @*X) ] +
2ibd (c+dx) Polylog|2, e @*X) ] + 2d?PolyLog|3, —e' ("®¥ | - 2d?Polylog|[3, e' (¥ | +

(c2+2cdx+d*x?) Sec[§+b2—x]2 ) Sec[%] Sec[§+bTx} (7cdSin[b7X] 7d2xSin[b?x])
8b 2 b2
Csc[%] Csc[§+ bTX} (cdSin[bZ—X] +d2xSin[b7X})
2 b2

Problem 115: Result more than twice size of optimal antiderivative.

J(c+dx) Cot[a+bx]?Csc[a+bx]dx

Optimal (type 4, 108 leaves, 12 steps):
(c+dx) ArcTanh|[e® @**X | dcscla+bx]
b o 2p2
(c+dx) Cotla+bx] Cscla+bx] 1idPolylog[2, -e! (@®¥ | idPolylog|2, el X ]
2b ) 2b? ' 2b?

Result (type 4, 260 leaves):
dCot[% (a+bx)] cCsc[% (a+bx)}2 dszc[% <a+bx)]2

- - - +

4 b2 8b 8b
cLog[Cos[i (a+bx)]] cLog[Sin[% (a+bx)]] adLog[Tan[% (a+bx)]]

— + —

2b 2b 2 b?

%d (<a+bx) (Log[l—ej (a+bX)} 7Log[1+eﬂ (a+bx)]> .
2b

i (PolyLog[2, -e' @**X | —Polylog[2, e! (@*X) |)) +
csec[ (a+bx)]? dxSec| > (a+bx)]’ dTan[> (a+bx) |

+ —

8b 8b 4 b?

Problem 130: Result more than twice size of optimal antiderivative.

j(c+dx)5/2Cos[a+bx]zsin[a+bx]3dlx

Optimal (type 4, 615leaves, 26 steps):
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15d?>+c+dx Cos[a+bx] <C+dx)5/2Cos[a+bx}

- +

32 b3 8b
d?+Vc+dx Cos[3a+3bx] (c+dx)5/2Cos[3a+3bx] 3d2+/c+dx Cos[5a+5bx]
- - +
576 b3 48 b 1600 b3
be Vb |2 cedx
5/2 bc ”
(c+dx)5/2 Cos[5a+5bx} 15d \/ Cos | p ] Fresnelc| Nes
80 b 32 b7/2
Vo | & crdx
5 d5/2 Cos 3a-2 FresnelC -
JT s el
576 b7/2
Vb |2 cidx
3d%/2 Cos 5a-°2 FresnelC -
JE €] Fresnelc L ]
1600 b7/2
Vb ® Veax .
3d°/2 F 1s| . Sin|5a- 22
/ resne N | sin[5a p ] )
1600 b7/2
Vo | & cidx -
5d>/? F 1s Sin|3a- 22¢
/ resne W | sin[3a p ] )
576 b7/2
NONESNCT )
5/2 : bc
15d \/ Fr‘esnelS NES } Sln[a— d } 5d <c+dx)3/ZSin[a+bx}
+ +
32 b7/2 16 b?

5d (c+dx)*?sin[3a+3bx] d(c+dx)*?sin[5a+5bx]

288 b? 160 b2

Result (type 4, 4921 leaves):
1

160+/5 b /3

c? [2+/5 5\/c+dx Cos[S(a+be—\/27T Cos[Sa—%] FresnelC| 3 E\/c+dx]+
JT

V27 FresnelS| SFW]Sin[5a_5:c] - 1
JT

%3 b |°



Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig™n trig”p.nb | 15

2 zﬁ\/EmCos[B(a+be—\/2n Cos[3a—%]Fr‘esnelC[ g /& Verdx |+
JT
“2”F'“esnﬂs[ﬁ\/?m]sm[aaﬁ:c] o1
JT

16[’)\/Z

d
c2 zﬁmCos[awx]—\/Zn Cos[a—:—c]Fr‘esnelc[\/E\/?m]+

JT

1
16 b3

V27 Fresnels| g Em} Sin[afbd—c}
7T
C\Fd V27 F'"esnﬂs[ffm} (3“05{3—&]—2bcsin[a—bfc})+
V2 Fresnelc| /5 |2 Verax ]
7T

b
2 a dvc+dx (2bxCos[a+bx] -3Sin[a+bx])

bc A bc
2bcCos[a—T} +3d51n[377]] +

1 b\ 3/2
64 b°> \d

i2n Fres”elc[qu N * Veax] ((4b2c2—15d2) COS[a—bd—c} +12deSin[a_bd—c}] :
Tt

b 2
V27 FresnelsS]| /a = Je+dx |
Tt

-12bchos[a-:—c} + (4b?c?-15d?) Sin[a_:—c}) -

2 de/c+dx (d (-15+4Db>x?) Cos[a+bx] +2b (c-5dx) Sin[a+bx]) o1
‘ 96+/3 b}
c\/gd V2 Fr‘esnelS[\/EFx/c+dx} dCos[3a—3:c}—2chin[3a—3:c})+
VA
V“”“““[ﬁqlim] 2bcCos[3a—3bc]+d51n[3a_3zc}]+
T

1

800 /5 b3

+

2+/3 gdm(beCos{B(a+bx)]—Sin[3(a+bx)])
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b b 10
¢ | = d|V2r Fresnels[ |~ | — Vc+dx ]
d d 7T
b 10
V27 Fr‘esnelc[ — — \/c+dx]
\[ d \|

2+/5 —dm(lebeos[ (a+bx)]3sin[5(a+bx)})]+

Sin[3a] F(WCOS (C+dX)}+
3\/?( )3/2
Fr‘esnelC \/7\/7x/c+dx || sin| y |+ ( ) < 2 Cos | y
33 [(B)*% 4
[\/?Fr‘esnels[\/g\/?m}+\E\/Emsin[3b(cd+dx)}

1
2cCos|

o 3bc] 3 ﬁ\/?mms[w“jx)% l
9ﬁ(3)5/2d3 d 2 d d 2

rresnetc [® [© verax ]| 33 ()7 (cranpesin 220
d T d q

3b (c+dx)
d

5bc . 5bc
3dCos[5a—T]—10bc51n[5a— y ])+

5bc . S5bc
10bcCos[5a— g ]+3d51n[5a— J })+

i d?
16

3bc 1 3bc

]

-3+/3 (ZJg/z (c+dx)3/2Cos[

—EFr‘esnels[\/EF\/c+dx}+\/?\/E\/c+dx Sin[@]

3b (c+dx)
28T,
d 2

[\/?\/E\/Cerx Cos[3b<cd+dx)}+\/?Fr‘esnel€[\/€\/?\/c+dx}

30 (crdx) /(w8 )

d

] +

{Sin[Bzc} {9\/? (:)5/2 (c+dx)*?cos|

2

3+/3 [§J3/2 (c+dx>3/ZSin[

]
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C 5/2 ; b (c+dx 3/2
[Cos[3: }[9\/?[5] (c+dx)5/ SIH[M}__[_?,\/—( )
(c+dx)3/2Cos[3b<c+dX>] 2 Fr‘esnelS \/7(@
r(msln “dXH N/(zw?(:)d] .

Cos[3a] —“c Cos[ bc r\/imms[b(mdx)%r

(e e :
fFresnelC[\/?fm] . ZSin[Bbc]

2 d \ n 33 (2) e d

+

[ﬁFr‘esnelS{\/E\/?m} +\/?\/Emsin[3b<cd+dx>}

;chm[ r\fWCos c+dx)}+ al
9\/?(3)5/2(13 5
Fresnelc[\/E\/?m}]+3\/?(:)3/z (c+dx)3/ZSin[M] _

b

c] {3\/? (5)3/2 (c+dx)3/2Cos[

3b(c+dx>

3b
2cCos|
d

1 ]+
o3 (1]

Fresnels \/7(@ \/7\/7m51n C+dx>]

3b(c+dx)]+_

b

SbC} [9\/? (—)5/2 (c+dx)*?cCos|

]+
d 2

[ \/—\/7\/c+dx Cos| c+dx) EFr‘esnelc[\/E\/?\/c+dx}

il AR A

343 (ng/z (c+dx)*?sin|

]
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. 3bc
[Sln[ y

3b (C+dx)

ot oy

5 Fr‘esnelS \/7(@
v—(msm c+dx)} }]/(27\/?(:)7/2&}

+d
Sin[5a] [ 1b e [ Vs mCos € X> |+

Fr*esnelC m
1 5b
—3/2 ¢ cos[ ] |- Ff‘esnels \/7\/7\/c+dx
sVs () ‘

\F\/imhn[M} ]

[ [ r(\/c+dx Cos c+dx> FresnelC \/7 10 \/c+dx

(c+dx)3/2Cos[3b (C+dx)] 3]

l d2
16

Sln

} +

bc

2cCos[

+

5\/?(5)3/2 (c+dx)3/ZSin[M} /[25\/?[35/2(13)_
Fresnels \/7\/7m \/—\/7m51n c+dx)] ]/
o (0] 25 [ [ oo 21525

{ r(mCos c+dx>]+\/?Fr‘esnelC[
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\/7\/¥m ]+5\/—( )3/2 (c+dx)3/251n[ (cd+dx)]

5b(c+dx)
d

/

(125ﬁ( )7/2d3]+ cOs[ ] -

C] [25\5 [EJS/Z (c+dx>5/251n[

d d

[5\ﬁ[ ]3/2 (c+dx)3/2Cos[5b(c+dx)}+3{\/?Fr‘esnels[

\/7 10 Ve+dx | r(x/c+dx Sin| c+dx)]

1 5bc
g

IV

C+dX 10
[ A5 = Acrdx Cos ) FresnelC x/c+dx
l Fr‘esnelS \c +dx

\F\/imSm[M} ]

[ [ \ﬁ\/ix/Cerx Cos c+dx> Fr‘esnelc\/i x/c+dx

sbfexdx) J o5 ()] -

[ 2

b fc-dx) ]/[zsﬁ(:)5/2d3]+

{125V? (g)m d3] ]

+Cos[5a] [

c? Sln

bc

+

2c51n[

5bc

5\/?(5)3/2 (c+dx)>?sin| ]

2cCos[

]

5b c+dx

[5\/? [5]3/2 (c+dx)??cCos | ———F

]

d

5bc} [ZS\E[b]S/Z (C+dX>5/2COS[M}+E 3[\/?\/T
d d d 2] 2 d

\/c+dx]+\/?\/gx/c+dx Sin|

{Cos[
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5b d
Verdx Cos[(chrX>] + /E FresnelC| g 10 Verdx |
2 7T

|/ oo

A5 (5)3/2 (c+dx)3/ZSin[

]

d

) 5hc E 5/2 52 . 5b(c+dx> E E 3/2
{Sln[ ]{25\/?((1) (c+dx) Sln[id ]2[5\/5 [d]
(c+dx)3/2Cos[45b<c+dx>]Jri - /EFr'esnelS[ b Em]Jr
d 2 2 d s

d

\E\/E\/CerX Sin[5b<c+dx)}]

|/ s 37|

Problem 135: Result more than twice size of optimal antiderivative.

J(c+dx)5/2Cos[a+bx]ZSin[a+bx]3d1x

Optimal (type 4, 615leaves, 26 steps):

+5
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15d?>+c+dx Cos[a+bx] <C+dx)5/2Cos[a+bx}

- +

32 b3 8b
d?+Vc+dx Cos[3a+3bx] (c+dx)5/2Cos[3a+3bx] 3d2+/c+dx Cos[5a+5bx]
- - +
576 b3 48 b 1600 b3
be Vb |2 cedx
5/2 bc ”
(c+dx)5/2 Cos[5a+5bx} 15d \/ Cos | p ] Fresnelc| Nes
80 b 32 b7/2
Vo | & crdx
5 d5/2 Cos 3a-2 FresnelC -
JT s el
576 b7/2
Vb |2 cidx
3d%/2 Cos 5a-°2 FresnelC -
JE €] Fresnelc L ]
1600 b7/2
Vb ® Veax .
3d°/2 F 1s| . Sin|5a- 22
/ resne N | sin[5a p ] )
1600 b7/2
Vo | & cidx -
5d>/? F 1s Sin|3a- 22¢
/ resne W | sin[3a p ] )
576 b7/2
NONESNCT )
5/2 : bc
15d \/ Fr‘esnelS NES } Sln[a— d } 5d <c+dx)3/ZSin[a+bx}
+ +
32 b7/2 16 b?

5d (c+dx)*?sin[3a+3bx] d(c+dx)*?sin[5a+5bx]

288 b? 160 b2

Result (type 4, 4921 leaves):
1

160+/5 b /3

c? [2+/5 5\/c+dx Cos[S(a+be—\/27T Cos[Sa—%] FresnelC| 3 E\/c+dx]+
JT

V27 FresnelS| SFW]Sin[5a_5:c] - 1
JT

%3 b |°
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2 zﬁ\/EmCos[B(a+be—\/2n Cos[3a—%]Fr‘esnelC[ g /& Verdx |+
JT
“2”F'“esnﬂs[ﬁ\/?m]sm[aaﬁ:c] o1
JT

16[’)\/Z

d
c2 zﬁmCos[awx]—\/Zn Cos[a—:—c]Fr‘esnelc[\/E\/?m]+

JT

1
16 b3

V27 Fresnels| g Em} Sin[afbd—c}
7T
C\Fd V27 F'"esnﬂs[ffm} (3“05{3—&]—2bcsin[a—bfc})+
V2 Fresnelc| /5 |2 Verax ]
7T

b
2 a dvc+dx (2bxCos[a+bx] -3Sin[a+bx])

bc A bc
2bcCos[a—T} +3d51n[377]] +

1 b\ 3/2
64 b°> \d

i2n Fres”elc[qu N * Veax] ((4b2c2—15d2) COS[a—bd—c} +12deSin[a_bd—c}] :
Tt

b 2
V27 FresnelsS]| /a = Je+dx |
Tt

-12bchos[a-:—c} + (4b?c?-15d?) Sin[a_:—c}) -

2 de/c+dx (d (-15+4Db>x?) Cos[a+bx] +2b (c-5dx) Sin[a+bx]) o1
‘ 96+/3 b}
c\/gd V2 Fr‘esnelS[\/EFx/c+dx} dCos[3a—3:c}—2chin[3a—3:c})+
VA
V“”“““[ﬁqlim] 2bcCos[3a—3bc]+d51n[3a_3zc}]+
T

1

800 /5 b3

+

2+/3 gdm(beCos{B(a+bx)]—Sin[3(a+bx)])
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b b 10
¢ | = d|V2r Fresnels[ |~ | — Vc+dx ]
d d 7T
b 10
V27 Fr‘esnelc[ — — \/c+dx]
\[ d \|

2+/5 —dm(lebeos[ (a+bx)]3sin[5(a+bx)})]+

Sin[3a] F(WCOS (C+dX)}+
3\/?( )3/2
Fr‘esnelC \/7\/7x/c+dx || sin| y |+ ( ) < 2 Cos | y
33 [(B)*% 4
[\/?Fr‘esnels[\/g\/?m}+\E\/Emsin[3b(cd+dx)}

1
2cCos|

o 3bc] 3 ﬁ\/?mms[w“jx)% l
9ﬁ(3)5/2d3 d 2 d d 2

rresnetc [® [© verax ]| 33 ()7 (cranpesin 220
d T d q

3b (c+dx)
d

5bc . 5bc
3dCos[5a—T]—10bc51n[5a— y ])+

5bc . S5bc
10bcCos[5a— g ]+3d51n[5a— J })+

i d?
16

3bc 1 3bc

]

-3+/3 (ZJg/z (c+dx)3/2Cos[

—EFr‘esnels[\/EF\/c+dx}+\/?\/E\/c+dx Sin[@]

3b (c+dx)
28T,
d 2

[\/?\/E\/Cerx Cos[3b<cd+dx)}+\/?Fr‘esnel€[\/€\/?\/c+dx}

30 (crdx) /(w8 )

d

] +

{Sin[Bzc} {9\/? (:)5/2 (c+dx)*?cos|

2

3+/3 [§J3/2 (c+dx>3/ZSin[

]
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C 5/2 ; b (c+dx 3/2
[Cos[3: }[9\/?[5] (c+dx)5/ SIH[M}__[_?,\/—( )
(c+dx)3/2Cos[3b<c+dX>] 2 Fr‘esnelS \/7(@
r(msln “dXH N/(zw?(:)d] .

Cos[3a] —“c Cos[ bc r\/imms[b(mdx)%r

(e e :
fFresnelC[\/?fm] . ZSin[Bbc]

2 d \ n 33 (2) e d

+

[ﬁFr‘esnelS{\/E\/?m} +\/?\/Emsin[3b<cd+dx>}

;chm[ r\fWCos c+dx)}+ al
9\/?(3)5/2(13 5
Fresnelc[\/E\/?m}]+3\/?(:)3/z (c+dx)3/ZSin[M] _

b

c] {3\/? (5)3/2 (c+dx)3/2Cos[

3b(c+dx>

3b
2cCos|
d

1 ]+
o3 (1]

Fresnels \/7(@ \/7\/7m51n C+dx>]

3b(c+dx)]+_

b

SbC} [9\/? (—)5/2 (c+dx)*?cCos|

]+
d 2

[ \/—\/7\/c+dx Cos| c+dx) EFr‘esnelc[\/E\/?\/c+dx}

il AR A

343 (ng/z (c+dx)*?sin|

]
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3b (C+dx)

. 3bc
[Sln[ y

ot oy

5 Fr‘esnelS \/7(@
v—(msm c+dx)} }]/(27\/?(:)7/2&}

+d
Sin[5a] [ 1b e [ Vs mCos € X> |+

Fr*esnelC m
1 5b
—3/2 ¢ cos[ ] |- Ff‘esnels \/7\/7\/c+dx
sVs () ‘

\F\/imhn[M} ]

[ [ r(\/c+dx Cos c+dx> FresnelC \/7 10 \/c+dx

(c+dx)3/2Cos[3b (C+dx)] 3]

l d2
16

Sln

} +

bc

2cCos[

+

5\/?(5)3/2 (c+dx)3/ZSin[M} /[25\/?[35/2(13)_
Fresnels \/7\/7m \/—\/7m51n c+dx)] ]/
o (0] 25 [ [ oo 21525

{ r(mCos c+dx>]+\/?Fr‘esnelC[



26 | Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig™n trig”p.nb

\/7\/¥m ]+5\/—( )3/2 (c+dx)3/251n[ (cd+dx)]

5b(c+dx)
d

/

(125ﬁ( )7/2d3]+ cOs[ ] -

C] [25\5 [EJS/Z (c+dx>5/251n[

d d

[5\ﬁ[ ]3/2 (c+dx)3/2Cos[5b(c+dx)}+3{\/?Fr‘esnels[

\/7 10 Ve+dx | r(x/c+dx Sin| c+dx)]

1 5bc
g

IV

C+dX 10
[ A5 = Acrdx Cos ) FresnelC x/c+dx
l Fr‘esnelS \c +dx

\F\/imSm[M} ]

[ [ \ﬁ\/ix/Cerx Cos c+dx> Fr‘esnelc\/i x/c+dx

sbfexdx) J o5 ()] -

[ 2

b fc-dx) ]/[zsﬁ(:)5/2d3]+

{125V? (g)m d3] ]

+Cos[5a] [

c? Sln

sr( 55 [2) e

bc

+

2c51n[

5bc

5\/?(5)3/2 (c+dx)>?sin| ]

2cCos[

]

5b c+dx

[5\/? [5]3/2 (c+dx)??cCos | ———F

]

d

5bc} [ZS\E[b]S/Z (C+dX>5/2COS[M}+E 3[\/?\/T
d d d 2] 2 d

\/c+dx]+\/?\/gx/c+dx Sin|

{Cos[
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mCos[Sb(chrdX)]+\/?Fresnelc[\/5\/;m]
b ]/ (125\5 [SJM&J -

A5 (—)3/2 (c+dx)3/zsin[
5b (c+dx)

d
d

\/?Fr-esnels[\/g\/lﬁgm] *
ﬁﬁmsin[swﬁm}] N/(lzsﬁ[:]ﬂds)]]

d
Problem 156: Result unnecessarily involves imaginary or complex numbers.

+5

5b (c+dx>
d

]

{ . -5bc
Sln[

o B o5 s

b d
(c+dx)3/2Cos[45 e+ x>]+i
d 2

J(c+dx)3Cos[a+bx]3Sin[a+bx13d1x

Optimal (type 3, 181 leaves, 10 steps):
9d? (c+dx) Cos[2a+2bx] 3 (c+dx)3Cos[2a+2bx]

128 b3 64 b
d? (c+dx) Cos[6a+6bx] (c+dx)3Cos[6a+6bx] 9d3sin[2a+2bx]
1152 b3 : 192 b . 256 b* i
9d (c+dx)*sin[2a+2bx] d3Sin[6a+6bx] d(c+dx)’Sin[6a+6bx]
128 b? ' 6912 b* ) 384 b2

Result (type 3, 174 leaves):

4(7162b (c+dx) (—3d2+2b2 (c+dx)2) Cos[2 (a+bx)] +
6912 b

6b (c+dx) (-d?+6b? (c+dx)?) Cos[6 (a+bx]] -
2d (121d2-234b% (c+dx)?+ [-d?+18b? (c+dx)?) Cos[4 (a+bx) ]| sin[2 (a+bx)]]
(Cos[6 (a+bx)|-1iSin[6 (a+bx)]) (Cos[6 (a+bx)]+iSin[6 (a+bx)])

Problem 162: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCos[a+bx]3Sin[a+bx]3
(c+dx)4

dx

Optimal (type 4, 287 leaves, 14 steps):
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2b 2b
bCos[2a+2bx] bCos[6a+6bx] b*Cos[2a- dC}CosIntegr‘al[ dc+2bx}
_ + _

32d? (c+dx)?  32d? (c+dx)? 8d*
6bc

+

b 6b
9b’ Cos[6a- y | CosIntegral| dc+6bx} sin[2a+2bx] )

8 d* 32d(c+dx)3

b2Sin[2a+2bx] Sin[6a+6bx] 3b%>Sin[6a+6bx]

+

16 d3 (c+dx) 96d(c+dx)3 16 d3 (c+dx)
C

+

b3Sin[2a— 2b

; } SinIntegr‘al[% +2bx} 9 b3 Sin[sa— Gbc} SinIn‘cegr‘al[sd£ +6bx}

- d
8 d* 8 d*

Result (type 4, 3285leaves):
1

8 (c+dx)3
Cos[6a+6bx] 1Sin[6a+6Dbx]

24 d* 24 d*
181 b2d*x?2+61b?2c?dCos[4a+4bx] -3bcd?Cos[4a+4bx] -
31d>Cos[4a+4bx] +12ib?>cd?’xCos[4a+4bx]-3bd>xCos[4a+4bx] +
6ib>d>x?Cos[4a+4bx] -61b’>c®dCos[8a+8bx]-3bcd*Cos[8a+8bx]+
31d>Cos[8a+8bx]-12ib?>cd?’xCos[8a+8bx]-3bd>xCos[8a+8bx] -
6ib’°d>x?Cos[8a+8bx] +181b2c?dCos[12a+12bx] +3bcd?Cos[12a+12bx] -
id®Cos[12a+12bx] +361b%>cd?xCos[12a+12bx] +3bd>xCos[12a+12bx] +

(—181’1b2c2d+3bcd2+Jid3—3611b2cd2x+3bd3x—

D2 13 3 3 2bc 2bc
18 i b>d*x*Cos[12a+12bx] -12b*c*Cos [8a - +6b x| CosIntegral| +2bx] -
d
3 2bc 2bc
36b*c?dxCos[8a- +6bx| CosIntegral | +2bx] -

3 22 2bc 2bc
36 b® c d*x? Cos[8a - +6bx| CosIntegral | +2bx| -

3 3.3 _2bc 2bc
12b*d®>x?Cos [8 a +6b x| CosIntegral|

+2bX} -

bc 2bc
+6bx| CosIntegral |

12b3'c3Cos[4a+2 +2bx] -

bc 2bc

2
36b*>c?dxCos[4a+ +6bx| CosIntegral | +2bx] -

bc bc

3 2,2 2 2
36 b® cd*x? Cos[4a+ +6bx| CosIntegral|

+2bx} -

3 3.3 2bc 2bc
12b*d®*x?Cos [4a + +6b x| CosIntegral| +2bx] +

6bc

3 3 B 6bc
108 b’ ¢ Cos[12a +6bx| CosIntegral | +6bx] +

3 76bc 6bc
324b%c?dxCos[12a

d

+6b x] CosIntegral [

+6bX} +

6bc

6bc
324b% cd?x? Cos [12a -

L 6 b x| CosIntegral|

+6bx] +

6bc

6bc
108 b’ d* x> Cos [12 a -

y +6b x| CosIntegral|

+6bx} +



Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig™n trig”p.nb | 29

6bc

3 3 6bc
108 b* ¢ Cos | +6b x| CosIntegral| +6bx] +
d
3 5 6bc 6bc
324 b3 c?dx Cos | +6bx| CosIntegral | +6bx| +

bc

3 2 6 6bc
324b° cd“x Cos[ +6bx] CosIntegr‘al[ +6bx} +

6bc

108 b3 d° x° Cos[6bc +6bx| CosIntegral | +6bx| -

6b2c?dSin[4a+4bx] -31bcd*Sin[4a+4bx] +3d3>Sin[4a+4bx] -
12b%cd*xSin[4a+4bx] -31bd*>xSin[4a+4bx] -6b%>d>x*Sin[4a+4bx] +
6bc bc

6
+6bx| Sin[12a-

108 i b® c® CosIntegral | +6bx| +

6bc

3 o . _6bc
324 i b3 c? d x CosIntegral | +6bx]| sin[12a +6bx] +

bc

L3 2.2 6 . 76bC
324 i b® c d? x? CosIntegral | +6bx]sin[12a +6bx] +

6bc

. 6bc
+6bx} Sln[lZa— p

108 i b® d* x* CosIntegral | +6bx| -

2bc

2bc
+2bx|Sin[8a-

12 i b3 ¢® CosIntegral |
d

+6bx} -

2bc

2bc
+2bx] Sin[8a-

36 i b® c*d x CosIntegral |
d

+6bX} -

L3 22 2bc X 2bc
36 i b c d? x? CosIntegral | +2bx| Sin[8a- +6bx]| -

2bc bc

12 i b d® x® CosIntegral | +2bx| Sin[8a- 2 +6bx| -

2bc . 2bc
+2bx|Sin[4a+

12 i b3 ¢ CosIntegral | +6bx| -

2bc

L3 o . 2bc
36 i b® c*d x CosIntegral | +2bx] Sin[4a+

+6bX} -

2bc bc

2
36 1 b c d? x? CosIntegral | +2bx| Sin[4a+ +6bx]| -

2bc bc

1343 3 ; 2
121 b°d° x CosIntegral[ +2bx] Sln[4a+ +6bx} +

. 6bc
+6bx]| Sin|

3 3 6bc
108 i b® c® CosIntegral | +6bx| +

6bc

3 o . 6bc
324 i b3 c? d x CosIntegral | +6bx]| sin| +6bx] +

bc bc

6 6
324 i b® c d? x? CosIntegral | +6bx] Sin| +6bx| +

6bc

6bc
+6bx} Sin[ y
3ibcd?Sin[8a+8bx] -3d3>Sin[8a+8bx] +12b%cd?’xSin[8a+8bx] -
3ibd*xSin[8a+8bx] +6b?d*x?Sin[8a+8bx] -18b%2c?dSin[12a+12bx] +
31bcd?®Sin[12a+12bx] +d3Sin[12a+12bx] -36b%2cd?xSin[12a+12bx] +
3ibd*xSin[12a+12bx] -18b%d3>x?Sin[12a+12bx] -

108 i b® d* x* CosIntegral | +6bx| +6b*c?dSin[8a+8bx] -
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2bc

2bc
121 b*c®Cos|[8a -

y +6bx]| SinIntegral |

+2bx} -

2bc

361’1b3c2dxCos[8a—2bc+6bx]SinInte 1] -
gra +2bx}

2bc 2bc
36]’1b3cd2x2Cos[8a—

+6b x] SinIntegral [

+2bX]—

2bc

13433 _2bc X
121 b°d®x* Cos [8 a +6bx| SinIntegral | +2bx]| +

2bc

12ib*c*Cos[4a+ 2bc +6bx]| SinInte
gral| +2bx] +

bc 2bc

2
361b°c?dxCos[4a+ +6bx| SinIntegral | +2bx] +

bc 2bc

2
361ib°cd’x?Cos[4a+ +6bx| SinIntegral | +2bx]| +

121b3d3x3Cos[4a+2bc+6bx]SinInte 2be
gral| +2bx]| +

3 3 s _2bc . 2bc
12b*c3sin|(8a +6bx| SinIntegral | +2bx] +

bc 2bc

36b3c2dein[8a—2 +6bx] SinIntegral | +2bx] +

2bc

2bc
36b3cd2x25in[8a—

J +6b x] SinIntegral [

+2bx} +

3033 s _2bc . 2bc
12b*d® x*Sin |8 a +6bx| SinIntegral |
d d

bc . 2bc
+6bx| SinIntegral |
d

+2bx} -

12b3c3Sin[4a+2 +2bx] -

bc 2bc

2
36b*>c?dxSin[4a+ +6bx] SinIntegral | +2bx]| -

2bc

3 22 s 2bc X B
36 b° cd® x Sln[4a+ +6bx] SlnIntegral[ +2bx}

3033 s 2bc . 2bc
12b°d® x*Sin[4a+ +6bx| SinIntegral | +2bx]| +

3 3 _6bc 6bc
108 i b ¢ Cos[12a

+6b x| SinIntegral| +6bx] +

bc 6bc

6
3243 b*c*dxCos[12a- +6bx| SinIntegral | +6bx| +

bc 6bc

6
3243 b® cd?x*Cos[12a - +6bx| SinIntegral| +6bx| +

3433 6bc X 6bc
108 i b* d*> x? Cos [12 a - +6bx| SinIntegral |

+6bx] -

1081‘1b3c3Cos[6bc+6bx}SinInte 6bc -
gral| +6bx|

bc 6bc

324 i b3 czdxCos[6 +6bx| SinIntegral | +6bx]| -

6bc 6bc
324 i b3 c d? x? Cos[
d

+6b x] SinIntegral [

+6bX] -
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6bc

3433 6bc .
108 i b3 d° x* Cos | +6bx| SinIntegral| +6bx] -
d
3 3cs 6bc . 6bc
108 b> c>Sin[12a - +6bx] SinIntegral| +6bx| -
d
3 5 . 6bc . 6bc
324b° c deln[lZa— +6bx] SlnIntegr‘al[ +6bx}—
3 22 e 6bc . 6bc
324b3cd?x?*Sin|[12a- +6bx| SinIntegral | +6bx| -
3033 s 6bc . 6bc
108 b d® x> Sin[12a - +6bx| SinIntegral| +6bx| +
3 3.. 16bc . 6bc
108 b ¢ Sln[ +6bx] SlnIntegr‘al[ +6bx]+
3 2 . 6bc . 6bc
324b° c dem[ +6bx} SlnIntegral[ +6bx}+
3 2 .ac..rbbC . 6bc
324b% cd® x* Sin| +6bx| SinIntegral | +6bx| +
303 3. 706bC . 6bc
108 b> d* x> Sin| +6bx| SinIntegral| +6bx]

Problem 164: Result more than twice size of optimal antiderivative.

J(c+dx)4Cos[a+bx]2Cot[a+bx} dx

Optimal (type 4, 307 leaves, 13 steps):

3cd3x  3d4x? (C+dx)4 J'l(c+dx)5 <c+dx)4Log[17e2j(a+bx)}
- - + - +

2b3 4b3 4b 5d b

2id (c+dx)’Polylog[2, e2! (20X ] . 3d2 (c+dx)®Polylog[3, et (@0 | )
b2 b3

3id® (c+dx) Polylog[4, e (¥ | 3d%Ppolylog|5, e?! (20X |
b* B 2 b5 *

3d® (c+dx) Cos[a+bx]Sin[a+bx] d(c+dx)’Cos[a+bx]Sin[a+bx]
2b* } b2 -

3d4*Sin[a+bx]2 3d? (Cerx)ZSin[aerx}2 (c+dx)4sin[a+bx}2

4b° ' 2b3 ) 2b

Result (type 4, 2486 leaves):

——13c2d2 el?Cscla] (2b*x* (2be?'?x+31 (-1+e??) Log[1-e?! (P ]) 4
2b
6b (-1+e?*?) xPolylog[2, e @] 134 (-1+e?%?) PolyLog|3, e (0% |) -

cd®el?®Csc[a] x4+ e’zja(—1+e2“) <2b4x4+41'1b3x3Log[l—e”(a”’x)]+

x4+ (—1+<e’2“>

2 b*
6 b2 x> PolyLog[2, ! (®**X) ]| + 6 i bx Polylog[3, e*' (@*X)| 3 PolyLog|4, e** (@°X )
1
4 b

1 ‘ )
—d*e'?Cscla) [X°+ (-1+e?'?) x>+
5

(e72]la (*1+@213)
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(4b°x°+10 i b* x* Log[1- 2! (@PX) | 4 20 b x* PolyLog[2, e?* (@*°*) | 1 3@ i b? X2
Polylog[3, e (@**¥)] —30bxPolylLog[4, e** @) | 15 i PolyLog[5, e @b ]) | +

(c*Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]?+sin[a]?)) +

Cos[2a+2bx] 1Sin[2a+2bx]
Csc[a] -
160 b° 160 b®

(80 b° c*x Cos[a+2bx] +160b° c*dx*Cos[a+2bx] +160b>c*d*x>Cos[a+2bx] +
80b° cd3>x*Cos[a+2bx] +16b°>d* x> Cos[a+2bx] +80b°c*xCos[3a+2bx] +
160b° c>*dx?Cos[3a+2bx] +160b°>c?d®?x3Cos[3a+2bx] +80b°cd®>x*Cos[3a+2bx] +
16b°>d*x>Cos[3a+2bx] +101b*c*Cos[3a+4bx] -20b>c3>dCos[3a+4bx] -
30ib>c?d?’Cos[3a+4bx] +30bcd*Cos[3a+4bx] +15id*Cos[3a+4bx] +
401 b*c3>dxCos[3a+4bx] -60b>c?d®>xCos[3a+4bx] -60ib2cd®xCos[3a+4bx]+
30bd*xCos[3a+4bx] +601b*c?2d>x?Cos[3a+4bx] -60b3cd®>x?>Cos[3a+4bx] -
301 b%d*x?Cos[3a+4bx] +40ib*cd®*x>Cos[3a+4bx] -20b3d*x3Cos[3a+4bx] +
101 b*d*x*Cos[3a+4bx] -101b*c*Cos[S5a+4bx] +20b>c>dCos[5a+4bx] +
301 b%c?d?’Cos[5a+4bx] -30bcd3>Cos[5a+4bx] -151d*Cos[5a+4bx] -
401b*c>dxCos[5a+4bx] +60b3>c?d>xCos[5a+4bx] +601ib?>cd®>xCos[5a+4bx] -
30bd*xCos[5a+4bx] -601b*c?>d>’x?Cos[5a+4bx] +60b3>cd®x?Cos[5a+4bx] +
301 b%>d*x?Cos[5a+4bx] -401ib*cd®*x>*Cos[5a+4bx] +20b3d* x> Cos[5a+4bx] -
101 b*d*x*Cos[5a+4bx] +20b*c*Sin[a] -401b3c3dSin[a] - 60b%c?>d?Sin[a] +
601bcd>Sin[a] +30d*Sin[a] +80b*c3dxSin[a] -1201 b3 c?d®xSin[a] -
120b% cd®>xSin[a] +60 1 bd*xSin[a] +120b* c2d?x?Sin[a] -120 1 b3 cd® x?Sin[a] -
60 b2 d* x?>Sin[a] +80b*cd®x3Sin[a] -40 1 b3 d*x3Sin[a] +20b*d* x*Sin[a] +
801 b°c*xSin[a+2bx] +1601b°c>dx?Sin[a+2bx] +1601b°c?2d*>x®>Sin[a+2bx] +
80ib°cd®x*Sin[a+2bx] +161ib>d*x>Sin[a+2bx] +801ib°c*xSin[3a+2bx] +
1601 b°>c>dx?Sin[3a+2bx] +1601b°>c?d?*x3>Sin[3a+2bx] +
801b°cd®x*Sin[3a+2bx] +161b>d*x>Sin[3a+2bx] -10b%*c*Sin[3a+4bx] -
201 b3>c3dSin[3a+4bx] +30b%c?d?’Sin[3a+4bx] +30ibcd®Sin[3a+4bx] -
15d*Sin[3a+4bx] -40b*c®>dxSin[3a+4bx] -601b3>c?d*xSin[3a+4bx] +
60b%cd®>xSin[3a+4bx] +301bd*xSin[3a+4bx] -60b*c?d’>x?>Sin[3a+4bx] -
601b>cd®x?Sin[3a+4bx] +30b2d*x>Sin[3a+4bx] -40b*cd3>x3Sin[3a+4bx] -
201 b3d*x3>Sin[3a+4bx] -10b*d*x*Sin[3a+4bx] +10b*c*Sin[5a+4bx] +
201 b3 c3>dSin[5a+4bx] -30b%>c?d?’Sin[5a+4bx] -30ibcd®Sin[Sa+4bx] +
15d*Sin[5a+4bx] +40b*c>dxSin[5a+4bx] +601b>c?d?®xSin[5a+4bx] -
60b2cd®>xSin[5a+4bx] -301bd*xSin[5a+4bx] +60b*c?d?’x?>Sin[5a+4bx] +
60ib3cd>x?Sin[5a+4bx] -30b%d*x?>Sin[5a+4bx] +
40b*cd>x*>sin[5a+4bx] +20ib’>d*x*Sin[5a+4bx] +10b*d*x*Sin[5a+4bx]) -

) 1
2c®dCsca] Sec[a] |b?etAreTaniTanialiy?, — = (i bx (-s+2ArcTan[Tan[a]]) -

1+Tan[a]?
nlog[1l+e21PX]| -2 (bx+ArcTan[Tan([a]]) Log[1 - e2! (bxwArcTaniTan(all) |
sLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (0xArcTan(Tan(all) 1) Tan[a] / (bz\/Sec[a12 (Cos[a]?+sin[a]?) )

Problem 165: Result more than twice size of optimal antiderivative.
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J(c+dx)3Cos[a+bx]2Cot[a+bx} dx

Optimal (type 4, 246 leaves, 12 steps):

3d3 x <c+dx)3 j<c+dx>4 (C+dx>3|_og[1feu(a+bx>}
_ N B .

8 b3 4b 4d b
3id (c+dx)?Polylog[2, e?* (X | 3d? (c+dx) PolyLog[3, e2 (2% ]
2 b2 ' 2b3 '
3 i d?Polylog[4, e2* (X | 343 Cos[a+bx]Sin[a+bx]
4 b : 8 b )
3d (c+dx)®Cos[a+bx]Sin[a+bx] 3d?(c+dx)Sinfa+bx]? (c+dx)’Sinfa+bx]2
4 b? ' 4b3 . 2b

Result (type 4, 1712 leaves):
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—713cd2 e*?Cscla] (2b*x* (2be**?x+3i (-1+e**?) Log[l—e“(a*b")]) +
4b
6b (-1+e’*?) xPolylog[2, e* @ | +3i (-1+e?%?) PolylLog|3, e (@®X) |) -

1 ‘ )
= d3ef?Cscla] (x4+ (—1+<e’2“‘) x4+

e?2i? (L14e21%) (2b%x*+41b%x% Log[1-e?? (@00 ]
4

2 b*
6 b2 x? Polylog[2, e** @**X) | + 6i bxPolylog[3, e** @**X)| -3 PolyLog[4, e?! (@PX) |) | +

(c*Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]?+sin[a]?)) +
Cos[2a+2bx] 1Sin[2a+2bx]

64 b* 64 b*

(32b*c®xCos[a+2bx] +48b*c*dx*Cos[a+2bx] +32b*cd®x*Cos[a+2bx] +
8b*d3>x*Cos[a+2bx] +32b*c3xCos[3a+2bx] +48b*c®2dx?>Cos[3a+2bx] +
32b%cd?’x*Cos[3a+2bx] +8b*d®>x*Cos[3a+2bx] +4ib>c3Cos[3a+4bx] -
6b%2c?dCos[3a+4bx]-61bcd?Cos[3a+4bx]+3d>Cos[3a+4bx] +
12ib3>c?dxCos[3a+4bx] -12b%2cd?’xCos[3a+4bx]-6ibd>xCos[3a+4bx] +
12ib3cd?’x?*Cos[3a+4bx] -6b2d>x?Cos[3a+4bx] +41b>d®>%x3Cos[3a+4bx] -
4ib3c3Cos[5a+4bx]+6b%c>dCos[5a+4bx] +6ibcd>Cos[5a+4bx] -
3d®Cos[5a+4bx] -121b>c?>dxCos[5a+4bx] +12b*cd?xCos[5a+4bx] +
6ibd®xCos[5a+4bx] -121b>cd?’x?Cos[5a+4bx] +6b%>d>x?Cos[5a+4bx] -
41b>d>*x3Cos[5a+4bx] +8b>c>Sin[a] -121b%2c®dSin[a] -12bcd?Sin[a] +
61id3Sin[a] +24b3c?dxSin[a] -241ib?cd?*xSin[a] -12bd3xSin[a] +
24b3cd?x?sin[a] -121b2d3x%?Sin[a] +8b3>d®>x®*Sin[a] +321b*c®xSin[a+2bx] +
481 b*c?dx?>Sinfa+2bx] +321b*cd?’x®>Sin[a+2bx] +81b*d3x*Sin[a+2bx] +
321 b*c3>xSin[3a+2bx] +481b*c?dx?Sin[3a+2bx] +321b*cd®x3Sin[3a+2bx] +
81b*d*x*sin[3a+2bx] -4b3>c3Sin[3a+4bx] -61ib%c?dSin[3a+4bx] +
6bcd?Sin[3a+4bx] +31d3>Sin[3a+4bx]-12b>c?dxSin[3a+4bx] -
12ib?cd?’xSin[3a+4bx] +6bd*xSin[3a+4bx] -12b3>cd*x?*Sin[3a+4bx] -
6ib>d>x?Sin[3a+4bx] -4b3d3>x>Sin[3a+4bx] +4b3c3>Sin[S5a+4bx] +
6ib>c’dSin[5a+4bx] -6bcd?’Sin[5a+4bx] -31d*Sin[5a+4bx] +
12b3c?dxSin[5a+4bx] +12ib?cd?®xSin[5a+4bx] -6bd>xSin[5a+4bx] +
12b*cd®*x*Sin[5a+4bx] +61ib’>d>x*Sin[5a+4bx] +4b>d*x>Sin[5a+4bx]) -

Csc[a]

. 1
3c®dCscla] Sec[a] |b?etArcTanTanially?, — = (i bx (-n+2ArcTan[Tan[a]]) -

1+Tan[a]?
nlog(1l+e2iPX| -2 (bx+ArcTan[Tan([a]]) Log[1 - e2* (bx+ArcTaniTan(all) |
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

i Polylog|2, ! (b0xArcTan(Taniall) 1) Tan[a] / (2 bz\/Sec[a}2 (Cos[a]?+sin[a]?) )

Problem 166: Result more than twice size of optimal antiderivative.

J(c+dx)2Cos[a+bx12Cot[a+bx1 dx

Optimal (type 4, 181 leaves, 9 steps):
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cdx d?x? j(c+dx>3 (C+dx)2Log[1—e“<a*bx)}
+ - +

2b 4b 3d b

id(c+dx) Polylog|2, e?! (2:®X ]  d2Polylog|3, e?® (2:0% |
b2 ' 2b3 i

d(c+dx) Cos[a+bx]Sin[a+bx] d2Sin[a+bx]2 (c+dx)®Sin[a+bx]?
2b? ' 43 i 2b

Result (type 4, 511 leaves):

1x (3c®+3cdx+d?x?) Cot[a] -
3 12 b3
d’e'?Cscla] (2b?x? (2be?*?x+3i (-1+e?!?) Log[1-e?® @PX]) 4

6b (-1+e’'?) xPolylog[2, e @] 134 (-1+e?"?) Polylog|3, e*! ®®¥ |} +
(c?Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /

1
3Cos[2bx} (2b®c?Cos[2a] -d*Cos[2a] +
8b

4b*cdxCos[2a] +2b*d*x*Cos[2a] -2bcdSin[2a] -2bd*xSin[2a]) -

(b (Cos[a]?+sin[a]?)) +

1
—B(Zbchos[Za] +2bd*xCos[2a] +2b%>c?Sin[2a] -d?>Sin[2a] +
8b

4b>cdxSin[2a] +2b*>d*x*Sin[2a]) Sin[2bx] -
. 1
cdCscla] Sec[a] |b?elArcTaniTaniall 2, — (i bx (-7 +2ArcTan[Tan[a]]) -
1+Tan[a]?
nlog[1+e?'PX| -2 (bx+ArcTan[Tan[a]]) Log[1- e2* (bxArcTan(Tan(all) |
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxsArcTan(Taniall) 1) Tan[a] / (bz\/Sec[a]2 (Cos[a]?+sin[a]?) )

Problem 171: Result more than twice size of optimal antiderivative.

J(c+dx)4Cos[a+bx] Cot[a+bx]2dx

Optimal (type 4, 299 leaves, 16 steps):
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8d <c+dx>3Ar‘cTanh[ej‘ (@bx) ] 24d? (c+dx) Cos[a+bx]

— + —

b2 b*
4d<c+dx)3Cos[a+bx] (c+dx)4Csc[a+bx]
- +
b2 b
121 d2 (c+dx)*Polylog[2, -e* X | 121 d? (c+dx)*PolyLog|2, e (a+0X ]
b ) b3 )
24 d* (c+dx) Polylog[3, e @*®¥) |  24d* (c+dx) Polylog[3, e (20|
b* ' b* }
24 i d*Polylog[4, -e' 30X | 24 d* PolyLog[4, e (30X |
bS ' bS .
24d*sinfa+bx] 12d? (c+dx)*Sinfa+bx] (c+dx)*Sin[a+bx]
N _
b® b3 b

Result (type 4, 833 leaves):

1
—— Csc[a+bx]
2b®

(—3b4c4+12b2c2d2—24d4—12b4c3dx+24b2cd3x—18b4c2d2x2+12b2d4x2—12b4cd3x3—
3b*d*x*+b*c*Cos[2 (a+bx)]|-12b*c?d?Cos[2 (a+bx) ]| +24d*Cos[2 (a+bx)] +
4b*c*dxCos[2 (a+bx)]-24b>cd®xCos[2 (a+bx)]|+6b*c?d*x*Cos[2 (a+bx)] -
12b?d*x?Cos[2 (a+bx) | +4b*cd®x*Cos[2 (a+bx)| +b*d*x*Cos[2 (a+bX) ]| -

16 b®> 3 d ArcTanh[e! (¥ | Sinfa+bx] +24b> c?d*x Log[1-e' @**¥ ] Sin[a+bx] +
24b%cd® x? Log[1-e' @ | sin[a+bx] +8b*d*x* Log[1-e! @®¥ | Sinfa+bx] -
24b° c?d?x Log[1+e’ @Y | Sinfa+bx] -24b%cd®x? Log[1+e* @®¥ | Sin[a+bx] -
8b%d*x? Log[1+e’ @P¥ | Sin[a+bx] +241ib*d? (c+dx)*Polylog[2, e (@0 ]
Sinfa+bx] -24ib?d? (c+dx)?Polylog[2, e' @**¥ ] Sin[a+bx] -

48 b c d° PolyLog[3, -e* @®¥ | sin[a+bx] -48bd*x PolyLog|3, -e' ®*¥ | Sinfa+bx] +
48b c d® PolyLog[3 e! 3" ] sinfa+bx] +48bd*xPolyLog[3, e’ @** | Sinfa+bx] -
48 i d* PolylLog[4, -e' (**®¥ | Sin[a+bx] + 48 i d* PolyLog[4, e' ®** | Sin[a+bx] -

4b*cdsin|2 (a+bx

i (

(

| +24bcd®sin|2 <a+bx)] -12b3 c?d? xSin|2 (a+bx” +
24bd*xSin|2 (a+bx ]

-12b° cd®x?Sin|2 <a+bx)] -4b%d*x*>Sin|2 (a+bx>])

ARG

Problem 172: Result more than twice size of optimal antiderivative.

J(c+dx)3Cos[a+bx] Cot[a+bx]2dx

Optimal (type 4, 216 leaves, 13 steps):
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6d (c+dx)?ArcTanh[e! @**¥ | 6d3Cos[a+bx] 3d(c+dx)?Cos[a+bx]
_ . + e - > _
(c+dx)’Cscla+bx] 6id?(c+dx) Polylog[2, -ef (0% ]
+ _

b b3
61id> (c+dx) Polylog[2, e* *®¥) |  6d*Polylog|3, -e' (0% |
b3 ) b
6 d>Polylog|3, el @**¥ | 6d? (c+dx)Sin[a+bx] (c+dx)>Sin[a+bx]

+ —

b* b3 b

+

Result (type 4, 506 leaves):
1

2 b*

Cscla+bx] (-3b°c®+6bcd’-9b>c?dx+6bd>x-9b>cd?’x?-3b>d® x> +b>c*>Cos[2 (a+bx) |-
6bcd’Cos[2 (a+bx)]|+3b’c?dxCos[2 (a+bx)]-6bd®>xCos[2 (a+bx)]|+
3b*cd*x?Cos[2 (a+bx)] +b>d®x*Cos[2 (a+bx)] -
12b? c?d ArcTanh e @®¥ | sinfa+bx] +12b?cd?x Log[1 - e’ @*** | Sinfa+bx] +
6b2d*>x? Log[1-e' ®*®¥ | Sinfa+bx] -12b?cd?xLog[1+e’ @*®¥ | Sin[a+bx] -
6b?d® x> Log[1+e' @*¥ | Sinfa+bx] +12ibd? (c+dx) PolylLog|2, -e* @®¥ | sin[a+bx] -
12ibd® (c+dx) Polylog[2, e' ®**¥ | sin[a+bx] - 12d?Polylog[3, -e* ®®* | Sin[a+bx] +
12 d° Polylog|3, e* @** | sin[a+bx] -3b*c?dSin[2 (a+bx) | +
6d>Sin[2 (a+bx) | -6b*cd®xSin[2 (a+bx)| -3b?d>x*Sin[2 (a+bx)])

Problem 173: Result more than twice size of optimal antiderivative.
J(c+dx)2Cos[a+bx] Cot[a+bx]?dx

Optimal (type 4, 139leaves, 10 steps):
4d (c+dx) ArcTanh[e® @®X¥) ] 2d (c+dx) Cos[a+bX]

b? b2
(C+dx>2CSC[a+bx] 2 d? Polylog[2, -et (20 ]
b ' b3 N
ZJidZPolyLog{Z, e! (a+bx)} 2d?Sin[a + b x] (C+dX)ZSin[a+bx]
b3 ’ b3 - b

Result (type 4, 485 leaves):
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(c+dx>2Csc[a] 1
_ - —Cos [b x]
b b3

(2bcdCos[a] +2bd*xCos[a] +b*c?Sin[a] -2d*Sin[a] +2b*cdxSin[a] +b*>d*x*Sin[a]) +

4icd Ar‘cTan[ i Cos[a]-1Sin[a] Tan{b%} ]

Cos[a]?+Sin[a]?

.
bz\/Cos[aJ2+Sin[a]2
Sec(3] sec[§+ 5] (-c?sin[5¥] -2cdxsin[ %] -dtxsin[B])
2b
Csc[ﬂ Csc[§+b7x} (Czsin[bTX] +2cdein[b7X} +d2x2sin[b7x]) 1

2b b3
(b*c*Cos[a] -2d*Cos[a] +2b*cdxCos[a] +b?>d?>x*Cos[a] -2bcdSin[a] -2bd*xSin[a])

2 ArcTan[Tan[a]] ArcTanh
. 1 2 Cos[a]?+Sin[a]? 1
Sin[bx] + —32d - i
b \/Cos[a]ZJrSin[a]2 1+Tan[a]?

[ -Cos[a]+Sin[a] Tan{bz—x] }

( (b X +Ar‘cTan[Tan [a] 1 ) (Log[l _ ei (bx+Ar‘cTan[Tan[a]])} _ Log[l N e]’l (b x+ArcTan[Tan[a]]) ] ) N

i (PolyLog [21 7@1.1 (bx+ArcTan[Tan[a]]) ] _ PolyLog [2, ej (bx+ArcTan[Tan[a]]) ] ) ) Sec[a]

Problem 178: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx]3d1x

Optimal (type 4, 302 leaves, 15 steps):

2id (c+dx)® (c+dx)* i(c+dx)® 2d(c+dx)’Cot[a+bXx]
- . + -

b2 2b 5d b2 .
(c+dx)*Cot[a+bx]? 6d? (c+dx)’Log[1-e?? @b ] (c+dx)*Log[1-e2! (0% ]
2b ' b3 - b -

61id> (c+dx) Polylog[2, e?! (6% . 2id (c+dx)’Polylog[2, e2i (20X ] .

b* b2
3d*Polylog|[3, e2f (@®¥ ] 3d? (c+dx)*Polylog[3, e?* (20X |

b® b3

31d3 (C+dx) PolyLog[4, e2l (a+bx>} 3d4 PolyLog[S, e2i (a+bX>]

b* " 2 bs

Result (type 4, 1101 leaves):
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dx)*c bx]2
fx(5c“+10c3dx+10c2d2x2+5cd3x3+d4x“)Co‘c[a}—<c+ X)" Cscla+bx] +
5 2b
%czdze‘“Csc[a] (2b2x? (2be?®x+31i (-1+e”'?) Log[1-
2b

6b (-1+e’'?) xPolylog[2, e @ ]| 13 (-1+e?*?) PolyLog|3, e*! (®®X) |) -

er (a+b x) } > i

Lsd“e’“Csc[a} (2b2x* (2be??x+3 1 (-1+e’'?) Log[1-e2! (@0 ) 4
2b

6b (-1+e’'?) xPolylog[2, e** @ | 134 (-1+e*'?) Polylog|3, e
1

2 b*

21 (a+bx) ] N

)
e?i? (~1+e??) (2b*x*+4i b x> Log[1-e?! (@PX ] 4

cd®el?Csc[a] i) Xty

x4+ (—1+e

6 b> x? Polylog[2, e** @*X) ]| + 61 bx Polylog[3, e** ®*X) | -3 PolyLog|4, e*! (@*¥ ) ) -

1

45
(4b°x°+10 i b* x* Log[1 - 2! (@PX) | 4 20 b° x* Polylog[2, e?* (@*°*) ] 1 3@ i b? X2

EPPLILY

e7211a (

1 ‘ )
—d*et?Cscla] (x5+ (-1+e?%?) x®+
5

PolyLog[3, e?* (*®¥ | —30bx PolyLog|4, e?* @*®* | 15 Polylog[5, ! (@0X | )) _

(c*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /

(b (Cos[a]?+sin[a]?)) +

(6c®d*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /

. 1

(b* (Cos[a]®+sSin[a]?)) + b—z
2Cscla] Csc[a+bx] (c*dSin[bx] +3c®>d?>xSin[bx] +3cd®x*Sin[bx] +d*x>Sin[bx]) +
2c>dCscla] Sec[a] |b?elArcTanlTan(al] 2 =

1+Tan[a]?

(ibx (-7+2ArcTan[Tan[a]]) -nlog[l+e2ibx] -2 (bx+ArcTan[Tan[a]])

Log[1 - et (Px+ArcTan(Taniall) | ;L og[Cos[bx]] +2ArcTan[Tan[a] ]
Log[Sin[bx +ArcTan[Tan[a]]]] + i Polylog|[2, e (Px+ArcTan(Tan(a]] ]) Tan[a] /
(bz\/Sec (Cos[a]?+sSin[a]?) )— 6 cd®Csc[a] Sec[a]
) 1 .
b? gt ArcTan(Tan(al] 2, ——————— (i bx (-7 +2ArcTan[Tan[a]]) -nlog[1l+e2ibx] -
1+Tan[a]?
2 (bx+ArcTan[Tan[a]]) Log[1 - e?* (Px:ArcTan(Tan(al]) | +7rLog[Cos[b x]] +

2 ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +1 PolyLog[Z @21 (bx+ArcTan[Tan[a]]) ] )

Tan] /(b“\/Sec (Cosfal®+sin[a]?) )
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Problem 179: Result more than twice size of optimal antiderivative.

J(c+dx)3Cot[a+bx]3dlx

Optimal (type 4, 256 leaves, 13 steps):
31‘1d(c+dx)2 (c+dx)3 Jl(c+dx>4 3d(c+dx)2Cot[a+bx]
_ _ N _

2 b2 2b 4d 2 b2
(c+dx>3Co‘c[a+bX]2 3 d? <c+dx> Log[lfen(a*b)()] <c+dx)3Log[17e“<a+bX>]
2b " b3 - b N
31 d?Polylog[2, e?* @X | 3id (c+dx)?Polylog[2, e?! (a0
2 b* ' 2 b2 -
3d? (c+dx) Polylog[3, e?! (@*®X) | 3 d*PolyLog|4, e?! (20X |
2b? . 4b*

Result (type 4, 788 leaves):
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<c+dx)3Csc[a+bx}2

1
-=x (4c?+6c?dx+4cd’x?+d>xP) Cot[a] - +

4 2b
%c d’e'?Cscla] (2b”x* (2be®'?x+31i (-1+e?%?) Log[1-e?! (P )
4b
6b (-1+e’'?) xPolylog[2, e* @ ]| +3j (-1+e?*?) PolyLog|3, e*! (®®X) |} +

e2i? (L14+e21%) (2b%x*+ 41 b%x% Log[1-e?t @00 ]

‘ . 1
= d3et?Cscla] x4+(—1+<e’“a)x4+
4 2 b4

6 b2 x? Polylog[2, e** @**X) ]| + 6i bxPolylog[3, e** @*X) ]| -3 PolyLog|4, e?! (@0X |)

(c*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]?+sSin[a]?)) +

(3cd*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
1
b3 (Cos[a]?+Sin[a]?
0 (cos 1%+ sinta?]) + 2

3Cscla] Cscla+bx] (c*dSin[bx] +2cd*xSin[bx] +d®x*Sin[bx]) +

3c?dCscla] Sec[a]

) 1 .
b? gt ArcTan(Tan(all 2, ——————— (i bx (-7 +2ArcTan[Tan[a]]) -nlog[1l+e2tbx] -

1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e?! (PxArcTaniTan(all) | 4 vl og[Cos [bx]] +
2ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, ! (bxsArcTaniTan(all) ] )

Tan[a] /(szx/Sec[a]2 (Cos[a]?+sin[a]?) ) -

. 1
3d’Csc[a] Sec[a] |b?etArcTan(Tanially?, — = (i bx (-s+2ArcTan[Tan[a]]) -

1+Tan[a]?
7rLog[1+<e‘2jbX} -2 (bx+Ar‘cTan[Tan[a}]) Log[l—cezjl <bX*A”CTa”[Ta”[a“>} +
smLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTan(Taniall) 1) Tan[a] / (2 b“\/Sec[a]2 (Cos[a]?+sin[a]?) )

Problem 180: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx]3d1x

Optimal (type 4, 168 leaves, 9 steps):
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cdx d?x? 1'1<C+dx)3 d (c+dx) Cotl[a+bx]

— + — —

b 2b 3d b2
(Cerx)ZCo‘c[aerx]2 (c+dx)2Log[1—<e“(a*bx)} d? Log[Sin[a+bx]]
2b . b ' b3 :
id(c+dx) Polylog[2, e2i(2**X) | d2Ppolylog|3, e2! (2+0% |
b2 ) 203

Result (type 4, 446 leaves):
(Cerx)ZCsc[aerx]2 1

1
-—x(3c®+3cdx+d*x*) Cot[a] - +
3 2b 12 b3

d*e*?Cscla] (2b>x? (2be**?x+3i (-1+e**?) Log[l—e“‘a*bx)]) +
6b (-1+e’'?) xPolylog[2, e @] +3i (-1+e?*?) PolyLog[3, e (®X) |) -
(c*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]®+Sin[a]?)) +
(d*Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
Cscla] Csc[a+bx] (cdSin[bx] +d?xSin[bx])
+

b2

(b* (Cos[a]®+sSin[a]?)) +

. 1
cdCsc[a] Sec[a] [b2 eiArctaniTanial] w2, — (i bx (-7 +2ArcTan[Tan[a]]) -

1+Tan[a]?

7rLog[1+<e‘2jbX} -2 (bx+Ar‘cTan[Tan[a}]) Log[l—cezjL <bX*A'"CTa”[Ta”[a“)} +
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTaniTan(all) ] ) Tan[a]]]/ (bz\/Sec[a}z (Cos[a]?+sin[a]?) )

Problem 181: Result more than twice size of optimal antiderivative.

c+dx) Cot[a+bx]3dx
J( ) Cot[a+bx]

Optimal (type 4, 109 leaves, 7 steps):

dx i (c+dx)?> dcotfa+bx] (c+dx)Cot[a+bx]?
7;+ 2d B 2 b2 B 2b
(c+dx) Log[1-e2@bx ] jdPolylog[2, et (X ]
b " 2 b2

Result (type 4, 234 leaves):
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cCscla+bx]? dxCsc[a+bx]?

1 2
-—dx“Cot[a] -

2 2b 2b

clLog[Sin[a+bx]] dCsc[a] Csc[a+bx] Sin[bXx]

+ +

b 2 b?

. 1
[d Csc[a] Sec[a] {bz eiArcTanfTanial] w2, — = (ibx (-7 +2ArcTan[Tan[a]]) -

1+Tan[a]?
7rLog[1+<e‘2jbX} -2 (bx+Ar‘cTan[Tan[a}]) Log[l—cezjL <bX*A”CTa”[Ta”[a“)} +
smLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTaniTan(all) ] ) Tan[a]]]/ (2 bz\/Sec[a}2 (Cos[a]?+sin[a]?) )

Problem 190: Result more than twice size of optimal antiderivative.

J(c+dx)5/2Cos[a+bx]3Sin[a+bx]2dlx

Optimal (type 4, 615leaves, 26 steps):
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Result (type 4, 4926 leaves):
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[ [ \ﬁ\/ix/Cerx Cos c+dx> Fr‘esnelc\/i x/c+dx

sbfexdx) J o5 ()] -

[ 2

b fc-dx) ]/[zsﬁ(:)5/2d3]+

{125V? (g)m d3] ]

-Sin[5a] [

c? Sln

bc

+

2c51n[

5bc

5\/?(5)3/2 (c+dx)>?sin| ]

2cCos[

]

5b c+dx

[5\/? [5]3/2 (c+dx)??cCos | ———F

]

d

5bc} [ZS\E[b]S/Z (C+dX>5/2COS[M}+E 3[\/?\/T
d d d 2] 2 d

\/c+dx]+\/?\/gx/c+dx Sin|

{Cos[



50 | Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig™n trig”p.nb

5b d
Verdx Cos[(chrX>] + /E FresnelC| g 10 Verdx |
2 7T

|/ oo

A5 (5)3/2 (c+dx)3/ZSin[

]

d

) 5hc E 5/2 52 . 5b(c+dx> E E 3/2
{Sln[ ]{25\/?((1) (c+dx) Sln[id ]2[5\/5 [d]
(c+dx)3/2Cos[45b<c+dx>]Jri - /EFr'esnelS[ b Em]Jr
d 2 2 d s

d

\E\/E\/CerX Sin[5b<c+dx)}]

|/ s 37|

Problem 195: Result more than twice size of optimal antiderivative.

J(c+dx)5/2Cos[a+bx]3Sin[a+bx]2d1x

Optimal (type 4, 615leaves, 26 steps):

+5
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Problem 196: Result more than twice size of optimal antiderivative.

J(c+dx)5/2Cos[a+bx]3Sin[a+bx]3d1x

Optimal (type 4, 407 leaves, 18 steps):
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Result (type 4, 6763 leaves):
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Problem 209: Result more than twice size of optimal antiderivative.
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713cd2 el?(2ib’x* (2be’*?x+31 (1+e?'?) Log[1+e2t (@b )+
4b
6ib (1+e’'?) xPolylog[2, -e?* @] -3 (1+e?!?) Polylog[3, e (®"*¥ | ) Sec[a] -

Lidete [ xth (1re?ie) xt o %e’“a (1+e2'2) (2b%x*+41b>x®Log[1+e?! (20X ] 4 6 b2
4 2b
x? Polylog[2, -e2! (@*X) | 4+ 6 i bxPolyLog|3, -e?* (¥ | —3Polylog[4, -e?! (32X |)
Sec[a] - (c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) -

3 C2 d Csc [a] bz e—i ArcTan[Cot[a]] X2 _ 1

1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) ] ;11 og[Cos [bx]] - 2 ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e?* (Px-ArcTaniCotiall) ) | sec[a] /

1

(sz\/Csc[a]2 (Cos[a]?+sin[a]?) )+—x (4 +6c?dx+4cd x*+d> %)
4

Tan[a]

Problem 211: Result more than twice size of optimal antiderivative.

J(c+dx)2Tan[a+bx] dx

Optimal (type 4, 96 leaves, 5 steps):
i(crdx)®  (cedx)?log[1+e?t (@]
3d ; b
id(c+dx)Polylog[2, —e2! @bx) ] d2polyLog[3, -e? (20|
b? B 2 b3

+

Result (type 4, 363 leaves):
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1
12 b3

d’e'? (2ib?x? (2be?*?x+31i (1+e’*?) Log[1+e2! (@00 ])

6ib (1+e’'?) xPolylog[2, -e?* @] -3 (1+e?!?) Polylog[3, e (®"*¥ | ) Sec[a] -
(c?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) -

) 1
{chsc[a] {bz e tArcTan(Cotial] x2  — = Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -
1+ Cot[a]?

nlog[1l+e21PX] -2 (bx -ArcTan[Cot[a]]) Log[1 - 2! (bx-ArcTan(Cot(all) |
sLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

/

(bz\/Csc[a]2 (Cos[a]®+sin[a]?) )+1x (3c*+3cdx+d*x?)
3

i PolyLog [2’ er (b x-ArcTan[Cot[a]]) ] )

Sec[a]

Tan[a]

Problem 212: Result more than twice size of optimal antiderivative.
J(c+dx) Tan[a+ b x] dx
Optimal (type 4, 66 leaves, 4 steps):

i (c+dx)2 (c+dx) Log[1+e2i (X ] jdPolyLog[2, -e?! (3:0%)]
- +
2d b 2 b?

Result (type 4, 190 leaves):
¢ Log[Cos[a+bx]]
b

) 1
b* g tArcTan(Cotiall x2 . — = Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -

1+ Cot[a]?

ﬂLog[1+e‘2jbX} -2 (bx—Ar‘cTan[Cot[a}]) Log[l—ezjL <bX‘A"CTa”[C°t[a“>} +
mLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

Sec[a]]/

(sz\/Csc[a]2 (Cosfa]®+sin[a]?) ) + 1dszan[
2

dCsc[a]

i PolyLog [2, er (b x-ArcTan[Cot[a]]) ] )

aj

Problem 216: Result more than twice size of optimal antiderivative.

J(c+dx)ssin[a+bx] Tan[a + b x] dx

Optimal (type 4, 275leaves, 14 steps):
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21 (c+dx)’ArcTan[e! @*®¥ ] 643 Cos[a+bx]
- N -

b b4
3d (c+dx)®Cos[a+bx] 3id(c+dx)?Polylog[2, -i e (@bX)]
b2 ' b2 )
3id(c+dx)?Polylog[2, ief @b¥] 6d? (c+dx) PolyLog|3, -ie! (2% ]
b2 ) b3 '
6d? (c+dx) Polylog[3, i e @®¥ | 61 d*Polylog[4, -iel (30 ]
b ) b '
6 i d>PolyLog[4, i e! (3P| 6d2 (c+dx) sinfa+bx] (c+dx>3Sin[a+bx]
. _
b* b3 b

Result (type 4, 557 leaves):

7b174 (2]'1b3c3Ar‘cTan[(ej (bx)] 1 3b?c?dCos[a+bx] -6d>Cos[a+bx] +6b?cd?xCos[a+bx] +
3b2d®x*Cos[a+bx] -3b>c?dxlog[l-ie! @P¥]_-3b%cd®x?Log[l-ie! (@PX]
b>d®x? Log[1-ie’ @®¥ ] +3b>c?dxLlog[l+ie! @P¥]+3b>cd?x?Log|l+ie @PX]
b®d®>x® Log[1+ie’ @®¥] -31ib*d (c+dx)*Polylog|2, -ie' @]
3ib?d (c+dx)*Polylog[2, i e* @**¥] +6bcd?Polylog[3, -ie! @PX ]+
6bd®>xPolyLog[3, -ie! @**¥ ] —6bcd?Polylog|3, i e’ x| -
6bd®>xPolyLog[3, ie' "] +6id’PolylLog|4, -ie' (@PX ] -
6 i d® PolyLog[4, i e @Y | +b3c3Sinfa+bx] -6bcd*Sin[fa+bx] +
3b3c?dxSin[a+bx] -6bd3>xSin[a+bx] +3b3cd®x?Sin[a+bx] +b3d3x3Sin[a+bx]

Problem 218: Result more than twice size of optimal antiderivative.

j(c+dx) Sin[a+bx] Tan[a+bx] dx

Optimal (type 4, 103 leaves, 8 steps):

2i (c+dx) ArcTan|e @®¥ | dcos[a+bx]
b b?
idPolylog[2, -ie! @] jdPolylog[2, ie! @®¥] (c+dx)Sin[a+bx]

+

b2 b2 b

Result (type 4, 258 leaves):
7cLog[Cos[§ (a+bx)] —Sin[i (a+bx)]] cLog[Cos[% (a+bx)] +Sin[§ (a+bx)]]

+ +

b b

b%d ([—a+§—bx) (Log[l—cejl (’m%bx)] - Log[lwejL (’a*g’bx)]J - (7a+ g]

Log [Tan[i [—a + g -b x) 1] +1i [PolyLog[Z, _et [aribx] ] -Polylog|2, &' (-2+5-0x) ] J ) -

dCos[bx] (Cos[a] +bxSin[a]) d (bxCos[a]-Sin[a])Sin[bx] cSin[a+bx]

b2 b2 b
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Problem 222: Result more than twice size of optimal antiderivative.

J(c+dx)3Sin[a+bx]2Tan[a+bx] dx

Optimal (type 4, 251 leaves, 12 steps):

3d3 x <c+dx>3 j<c+dx>4 (C+dx>3LOg[1+ezj(a+bx)}
- + + _

+

8 b3 4b 4d b
3id (c+dx)?Polylog[2, -e? @PX | 3d2 (c+dx) Polylog[3, e (2% ]
2 b? ) 2b? )
31 d*Polylog[4, -e2 (@®¥ | 343 Cos[a+bx] Sin[a+bx]
4 b i 8 b )
3d (c+dx)®Cos[a+bx]Sin[a+bx] 3d?(c+dx)Sinfa+bx]? (c+dx)’Sinfa+bx]2
4 b? ' 4b3 . 2b

Result (type 4, 1734 leaves):
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713cd2 el?(2ib’x* (2be’*?x+31 (1+e?'?) Log[1+e2t (@b )+
4b
6ib (1+e’'?) xPolylog[2, -e?* @] -3 (1+e?!?) Polylog[3, e (®"*¥ | ) Sec[a] -

Lidete [ xth (1re?ie) xt o %e’“a (1+e2'2) (2b%x*+41b>x®Log[1+e?! (20X ] 4 6 b2
4 2b
x? Polylog[2, -e2! (@*X) | 4+ 6 i bxPolyLog|3, -e?* (¥ | —3Polylog[4, -e?! (32X |)
Sec[a] - (c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) -

3 C2 d Csc [a] bz e—i ArcTan[Cot[a]] X2 _ 1

1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) ] ;11 og[Cos [bx]] - 2 ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e?* (Px-ArcTaniCotiall) ) | sec[a] /

Cos[2a+2bx] 1iSin[2a+2bx]

64 b* 64 b*

(8b°c?Cos[a] -121ib*c?dCos[a] -12bcd®Cos[a] +61id>Cos[a] +24b>c*dxCos[a] -
24ib>cd?®xCos[a] -12bd3xCos[a] +24b3cd?x?Cos[a] -121b%>d®>x%Cos[a] +
8b3d3>x3Cos[a] +32ib*c>xCos[a+2bx] +481b*c?dx?Cos[a+2bx] +
32ib%*cd?x3Cos[a+2bx] +81b*d>x*Cos[a+2bx] -321b*c®*xCos[3a+2bx] -
481 b*c?dx?Cos[3a+2bx]-32ib*cd?’x3Cos[3a+2bx] -81ib*d>x*Cos[3a+2bx] +
4b3c3Cos[3a+4bx] +61b*c?dCos[3a+4bx]-6bcd?Cos[3a+4bx] -
3id3Cos[3a+4bx] +12b>c?dxCos[3a+4bx] +121b*cd?’xCos[3a+4bx] -
6bd3>xCos[3a+4bx] +12b3cd*x?*Cos[3a+4bx] +61b?>d>x*Cos[3a+4bx]+
4b3d3>x>Cos[3a+4bx] +4b3>c>Cos[5a+4bx] +61b>c>dCos[5a+4bx] -
6bcd’Cos[5a+4bx] -31d3Cos[5a+4bx] +12b3c?dxCos[5a+4bx] +
12ib?cd?’xCos[5a+4bx] -6bd3>xCos[5a+4bx] +12b3cd?*x?Cos[5a+4bx] +
6ib>d>x?Cos[5a+4bx] +4b3d3>x>Cos[5a+4bx] -32b*c3xSin[a+2bx] -
48b* c2dx?Sin[a+2bx] -32b*cd?x3Sin[a+2bx] -8b*d®>x*Sin[a+2bx] +
32b*c3>xSin[3a+2bx] +48b*c?2dx?Sin[3a+2bx] +32b*cd?’x>Sin[3a+2bx] +
8b*d3>x*Sin[3a+2bx] +4ib3>c3>Sin[3a+4bx] -6b%>c>dSin[3a+4bx] -
6ibcd*Sin[3a+4bx] +3d3Sin[3a+4bx] +121b>c?>dxSin[3a+4bx] -
12b%cd*xSin[3a+4bx] -6ibd>xSin[3a+4bx] +12ib3cd®x?Sin[3a+4bx] -
6b2d3>x?Sin[3a+4bx] +41b3>d>x>Sin[3a+4bx] +41b>c>Sin[5a+4bx] -
6b2c?2dsSin[5a+4bx] -61ibcd*Sin[5a+4bx] +3d3>Sin[5a+4bx] +
121 b3c?dxSin[5a+4bx] -12b%cd?’xSin[5a+4bx] -61bd3>xSin[5a+4bx] +
12ib’cd*x*Sin[5a+4bx] -6b*d>x*Sin[5a+4bx] +41ib’>d>x*Sin[5a+4bx])

(2 bzx/Csc[a]2 (Cos[a]?+sin[a]?) ) +Sec[a]

Problem 223: Result more than twice size of optimal antiderivative.

J(c+dX)ZSin[a+bx]2Tan[a+bx} dx

Optimal (type 4, 184 leaves, 9steps):
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cdx d?x? Ji(C+dx>3 (c+dx)2Log[1+e“<a*bx)}

+ + - +
2b 4b 3d b
id(c+dx) Polylog|2, -e?* (@0x ]| d2Polylog|3, -e?! (20X |
b2 ) 2b3 )
d(c+dx) Cos[a+bx]Sin[a+bx] d2Sin[a+bx]2 (c+dx)®Sin[a+bx]?
2b? ' 4 b3 ) 2b

Result (type 4, 525 leaves):
1
12 b3

d*>e’? (2ib?x® (2be®*?x+31i (1+e”'?) Log[1+e?! (@Y ) 4
6ib (1+e’'?) xPolylog[2, -e?* (@] -3 (1+e?!?) Polylog[3, -e?* (®**¥ |) Sec[a] -

(c*secla] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin(a])) /
(b (Cos[a]?+Sin[a]?)) -

: 1
cdCsc[a] |b®e PArcTaniCotiall x2 . ——————Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -
1+ Cot[a]?
nlog[1+e?'PX] -2 (bx-ArcTan[Cot[a]]) Log[1-e?* (bx-ArcTan(Cotiall) ]
sLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx -ArcTan[Cot[a]]]] +

i Polylog|2, ' (bxArcTaniCotiall) ) | sec[a] /(bz\/Csc[a12 (Cos[a]?+sin[a]?) >+

1
—3Cos[2bx] (2b®c®Cos[2a] -d*Cos[2a] +4b*cdxCos[2a] +2b*d®x*Cos[2a] -
8b

1
2bcdsin[2a] -2bd*xSin[2a]) - ——
8b3
(2bcdCos[2a] +2bd*xCos[2a] +2b*c*Sin[2a] -d*Sin[2a] +4b*>cdxSin[2a] +
1
2b*d*x*sin[2a]) Sin[2bx] + —x (3c®+3cdx+d®x*) Tan[a]
3

Problem 228: Result more than twice size of optimal antiderivative.

J(c+dx)4Csc[a+bx] Sec[a+bx] dx

Optimal (type 4, 247 leaves, 12 steps):

2 (c+dx)*ArcTanh[e2! (@®X ] 2id (c+dx)>PolylLog[2, -2 (20X ]

+ —

b b?
2id(c+d x)3 Polylog|2, e?* (@®X) | 34d2 (c+d x)z PolylLog[3, -e2* (30X | .
b? b3
3d? (c+dx)?Polylog[3, e?* @®¥ ] 3id® (c+dx)PolyLog[4, -e?! (30X ] .
b3 b4
3id® (c+dx) Polylog (4, €21 (2P| 3d%polylog(5, -e?! (22X |  3d*PolyLog[5, e?! (2%
b : 2b5 ) 2b5

Result (type 4, 578 leaves):
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21? -4b*c*ArcTanh[e?! (3P ] 1 8b% 3 d x Log[1 - e2* (30X | 4
12b* 2 d® x? Log[1-e*! (@®¥ | + 8b* cd® x° Log[1-e?* (X | + 2b* d* x* Log[1 - e2® (@PX) ] -
8b*c>dxLog[l+e?! (@] _12b*c2d?x? Log[1+e?! (@] —8b*cd®x®Log[1+e?! (PN ] -
2b*d*x* Log[1+e?! @] 1 44b*d (c+dx)3PolyLog[2, —e2ifaba]
4ib’d (c+dx)>Polylog[2, e*! (@**X) | _ b2 c?d? Polylog[3, -2 (@0 ] -

12b% c d® x Polylog[3, -e?! (3**X) | _ 6 b? d* x? PolyLog[3, -e?* (@0 | 4

6 b? ¢ d? Polylog[3, e** @®¥ | + 12 b? c d® x PolyLog[3, ! (@0X | 4

6 b2 d* x> PolyLog[3, e** (*®¥ | —6i b cd®PolyLog|4, -e?* @x) | _

6ibd*xPolyLog[4, -e?! @X) | 1 61ibcdPolylog|4, e?! (@PX) ]

6 i bd*xPolyLog|4, e** (¥ | 4+ 3d*PolyLog[5, -e** (**¥ | - 3d*Polylog[5, e’ (a*b”])

Problem 235: Result more than twice size of optimal antiderivative.
J(c+dx)3Csc[a+bx]2Sec[a+bx] dx

Optimal (type 4, 350 leaves, 23 steps):

21 (c+dx)’ArcTan[e! @®¥ ] 6d (c+dx)?ArcTanh[e! (30X ]

b b2
(c+dx)’Cscla+bx] 6id?(c+dx) Polylog[2, -ef (2% ]
+ +
b b3
3id(c+dx)?Polylog[2, -ie! @PX ]| 3id (c+dx)?PolyLog|2, iel (@0X]
b2 B b2 -

61 d? (c+dx) PolylLog [2, e @®X¥ ] 6d3PolyLog[3, ~el (0% |

b3 B b4 -
6d2 (c+dx) Polylog[3, -ie! @] 6d? (c+dx) PolyLog|3, i e' (0%

b3 " b3 !
6 d* PolylLog[3, e! (3| 6 i d*>Polylog|4, -ie! 3P| 61 d*Polylog|4, i el (30X ]

b4 N b4 * b4

Result (type 4, 760 leaves):
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—blj 2i b3 c®ArcTan|e! @**) | 1 6b% c?dArcTanh[e! @**¥) ] + b 3 Cscla+bx] +
3b3c?dxCscla+bx] +3b3cd*x?Csc[a+bx] +b>d>x3Csc[a+bx] -
6b?cd’xLog[1l-e' @°¥ | -3b2d>x?Log[1-e* P¥ | -3b3c2dxLog[l-1ie" @]
3b°cd?x?Log[1-ie’ @] -b3d>x*Log[1-ie! @] +3b>c?dxlog[l+ie! @PX] 4
3b°cd®x?Log[1+ie! @PY] +b3d®x?Log[1+ie @Y ]| +6b*cd?xlog[l+el @]
3b2d®x? Log[1+e’ @®¥ ] -6ibd® (c+dx) PolyLog[2, -e* @] -

3ib%d (c+dx)*Polylog[2, -ie’ @®¥ ]| +3ib?c?dPolylog[2, ie’ (P ]+

6 i b? cd?xPolylog[2, ie' "] +3ib?d’>x?PolyLog[2, i e’ @P¥ ]+
6ibcd?Polylog|2, e! @] .+ 61ibd®xPolylog|2, e* @®¥ | +6d>PolyLog[3, -e' (@PX) ] +
6bcd?PolyLog[3, -ie' ¥ ] +6bd®>xPolyLog[3, -ie' (@PX] -

6bcd’Polylog(3, ie' @ | -6bd®xPolyLog[3, i e’ @PX] -

6 d> Polylog|3, e' ¥ | + 61 d®PolyLog[4, -ie' ®®¥ | - 61 d® PolylLog[4, i e’ <a+bx)])

Problem 236: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]ZSec[a+bx1 dx

Optimal (type 4, 226 leaves, 19 steps):
2i (c+dx)?ArcTan[e @2X | 4d (c+dx) ArcTanh[e! (20X |
_ . ~ .
(c+dx)*Cscla+bx] 2id?Polylog[2, -e! (3% ]

+ +

b b3
2id (c+dx) Polylog[2, -ie!@PX)] 2id(c+dx) PolyLog|2, ie’ @Px]

b2 : b2 .
2i d?Polylog[2, e (*®X) ]  2d?PolylLog(3, -ie' (3®X)] 2d?Polylog|3, ie! (30X |

+

b3 b3 b3

Result (type 4, 593 leaves):
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(c +dx)2Csc[a]
- +

b

% (-21b?c?ArcTan[e* @®¥ | +2b? cdx Log[1-ie' ¥ | +b?d?x* Log[1-ie @PX ] -
b

2b2chLog[1+Jlej (a+bx)} 7b2d2x2 LOg[lJrI'l(EjL (a+bx)] "
2ibd (c+dx) Polylog[2, -ie* @®¥ ]| -2ibd (c+dx) Polylog[2, i e’ @PX] -
2d*Polylog(3, -ie' @®* ] +2d?Polylog|3, ie' @PX]) +

4icd Ar‘cTan[ i Cos[a]-1iSin[a] Tan{by—x] ]

Cos[a]?+Sin[a]?

bz\/Cos[a}2+Sin[a]2

secl3] sec[3+ ] [-ersin ] zedusin[] @ sin[ ]

+
2b
a a _ bx 2¢cin|bx in [ bx 2y2cinlbx
Csc[z} Csc[2 + 2 ] (c Sin| ” | +2cdxsin| ” | +d?x2sin| ” ]) +l
2b b3
-Cos[a]+Sin[a] Tan“l]
2ArcTan([Tan[a]] ArcTanh | |
242 |- Cos[a]2+Sin[a]? . 1
\/Cos[a]2+sin[a}2 1+Tan[a]?

( (b X + ArcTan [Tan [a] } ) (Log[l _ ei (bx+Ar‘cTan[Tan[a]])} _ Log[l N ej (b x+ArcTan([Tan[a]]) ] ) N
i (PolyLog[Z, _ej (b x+Ar‘cTan[Tan[a]])] _ PolyLog[Z, e]’l (bx+ArcTan[Tan[a]]) ] ) ) Sec [a]

Problem 237: Result more than twice size of optimal antiderivative.

J(c+dx) Csc[a+bx]?Sec[a+bx] dx

Optimal (type 4, 131 leaves, 10 steps):

2idxArcTan|e® @®X ] dAprcTanh[Cos[a+bx] ]
b b2
dxArcTanh[Sin[a+bx]] (c+dx) ArcTanh[Sin[a+bx]]
+ _
b b

(c+dx) Cscla+bx] idPolylog[2, -ie! @®X | idPolylog|2, ie! (3% |
. _

b b2 b?

Result (type 4, 550 leaves):
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_cCotE (a+bx)] +d (aCos[% (a+bx)] - (a+bx) Cos[% (a+bx)]) Csc[i (a+bx)] )

2b 2 b?
dLog[Cos[% (a+bx)]] cLog[Cos[% (a+bx) ] —Sin{% (a+bx)]]

- +

b? b
dLog[Sin[i(a+bx)H cLog[Cos[i(aerx)]JrSin[i(a+bx)H
o2 + ) +
blfzd[a Log[l—Tan[i(a+bx)H—Log[1+Tan[§(a+bx)]]]+
(a+bx) (—Log[l—Tan[% (a+bx)]] +Log[1+Tan[% (a+bx)]]] -
i Log[l—Tan[%(a+bx)HLog[ l+£ [71+Tan[§(a+bx)] ] -
Log[%((lﬂi)f(14’1)Tan[%(a+bx)] }Log[l+Tan[§(a+bx)H+
Log | —% E] (1‘1+Tan[§(a+bx)] ]Log[1+Tan[%(a+bx)Hf

2
Log[l—Tan[% (a+bx)]] Log[i [(1+J‘1) +(1-1) Tan|
],

| - Polylog|2,

N |

(a+bx>]

] +

Polylog|2

(—1+Tan[§ (a+bx)]

1

2 (72
1
PolyLog|2, [7—
2

(lfj—] (1+Tan[

+

] (71+Tan[§ (a+bx)]

(a+bx”

| +Polylog|2, (l + i
2 2

a+bx)]| - (a+bx) Sin[i(aerXH) B

(1+Tan[§ (a+bx)]

1)

2 2

i
2
i
2
1
2
dSec[i (a+bx)] (asin[2 (

2 b?
cTan[% (a+bx) ]

2b

Problem 241: Result more than twice size of optimal antiderivative.

J(c+dx)3Csc[a+bx]3Sec[a+bx} dx

Optimal (type 4, 325leaves, 22 steps):
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3id (c+dx)? (c+dx)’ 2 (c+dx)’ArcTanh[e2! (20X ]

2 b2 ~ 2b b
3d<c+dx)2Cot[a+bx} (c+dx)3Cot[a+bx]2 3d? (c+dx) Log[1-e?! (20X ]
2 b2 i 2b : b2 '
3id (c+dx)?Polylog[2, -e?* @bX | 3 d®Polylog|2, e?t (20X |
2b? ) 264 )
3id (c+dx)?Polylog[2, e*! (0] 3d? (c+dx) PolyLog[3, -e?! (30 ]
22 ) 2b3 i
3d? (c+dx) PolyLog[3, e2! (@b | 3] d*pPolylog[4, -e2! (@b |  3id®PolyLog|4, e2! (30X ]
2b3 i 4b* ' 4

Result (type 4, 1285 leaves):
(c+dx)3Csc[a+bx]2 1

2b 4b3
cd’e’?Csca] (2b>x* (2be*'?x+31 (-1+e’'?) Log[1-e®! ®®¥ )+
6b (-1+e’'?) xPolylog[2, e @] 134 (-1+e?"?) Polylog|3, e*! (®®X |) -

1 . )
—d’e'?Cscla) [x*+ (-1+e?P?) x*+

e?t? (-1+e’'?) (2b*x*+41ib>x’ Log[1-e*! (@PX ]+
a4

2b*
6 b? x? Polylog[2, e** @*X) ]| + 6i bxPolylog[3, e** @*X) | -3 PolyLog|4, e2! (@PX) |) | +

Ex (4 +6c*dx+4cd®x*+d>x*) Cscla] Sec[a] +
4 4b3
cd’e’? (2ib?x* (2be’'?x+31 (1+e”'?) Log[1+e?! PN )

6ib (1+e”'?) xPolylog[2, -e?* @) ] -3 (1+e’!?) Polylog[3, -e** (***¥ | ) Sec[a] -
l:|id3e"‘a -xtr (1+e i) Xt -

——e?'? (1+e?'?) (2b*x*+41Db° X Log[1+e?* @0 ] . 6b?
4

2 b
x* Polylog[2, -e?! (@*X) | 4+ 6 i bxPolyLog|3, -e?* (¥ | —3Polylog[4, e (22X |)

Sec[a] - (c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sSin[a]?)) +
(c*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]?+Sin[a]?)) +
(3cd*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b* (Cos[a]?+sin[a]?)) -
3c2dCsc[a] bZ e—iAr‘cTan[Cot[a]] X2— 1
1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -nLog[l+e2PX] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) ] ;11 0g[Cos [bx]] - 2ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e?* (Px-ArcTaniCotiall) ) | sec[a] /

1

2 b2
(c?dsin[bx] +2cd*xSin[bx] +d>x*Sin[bx]) -

(2 bzx/Csc[a]2 (Cos[a]?+sin[a]?) ) + 3Csc[a] Csc[a+bx]
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) 1
3c2dCscla] Sec[a] |b?etArcTan(Tan(al] y2

1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) -mlog[l+e2ibx] -2 (bx+ArcTan[Tan[a]])
Log[1 - e?! (bxArcTan(Tanlall) | ;1 og[Cos [bx]] +2ArcTan[Tan[a]]

Log[Sin[bx +ArcTan([Tan[a]]]] + i Polylog|2, e (Px+ArcTan(Tan(al]) | ) Tan[a] /

(2 bzx/Sec[a]2 (Cos[a]?+sin[a]?) ) - |3d3Csc[a] Sec[a]

) 1 .
b? et ArcTan(Tan(all x2 . — (i bx (-;+2ArcTan[Tan[a]]) - nlog[l+e?'°X] -

1+Tan[a]?
2 (bx+ArcTan[Tan[a]]) Log[1 - e2* (bxArcTan(Tan(all) | , ;| og[Cos[bx]] +
2ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, 2! (bxArcTan(Tan(all) ] )

Tan[a] /(Zb“\/Sec[a]2 (Cosfa]®+sin[a]?) )

Problem 242: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]3Sec[a+bx} dx

Optimal (type 4, 201 leaves, 17 steps):

cdx d?x2 2 (c+dx)?ArcTanh[e?! @0 ] d (c+dx) Cot[a+bx]

b 2b b b2
(c+dx)*Cot[a+bx]? d2Llog[Sin[a+bx]] id (c+dx)Polylog[2, -e?! (@bx)]
2b ’ b3 ! b2 -
id (c+dx) PolylLog[2, ! (a:0X) ] & Polylog|[3, —e2 (abx) | ) d2 PolyLog[3, e?i (2% ]
b2 2 b3 2 b3

Result (type 4, 785leaves):
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(Cerx)ZCsc[aerx]2 1
2b 12 b3

d’e'?Cscla] (2b?x? (2be?*?x+3i (-1+e2!?) Log[1-e?® X ]) 4

6b (-1+e’'?) xPolylog[2, € @®* | 134 (-1+e*'?) Polylog|3, e*' ¥ |} +
1
12 b3
d*>e ' (2ib>x* (2be*'?x+31i <1+<e2“> Log[1+e2t (@bx)]) 4

6ib (1+e’'?) xPolylog[2, -e?* (@] -3 (1+e?!?) Polylog[3, -e?* (®**¥ |) Sec[a] -
(c?sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a }))/

—x (3c®+3cdx+d”>x?) Csc[a] Sec[a] +

(c?Cscla] (-bxCos[a
(b (Cos[a]?+sSin[a]?

+
(d*Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /

b2 e—]i ArcTan[Cot[a]] X2 1

(b (Cos[a]?+sin[a]?)) - [cdCsc[a]

1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) | ;11 og[Cos [bx]] - 2ArcTan[Cot[a]]
Sec[a]]/

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e (bx-ArcTaniCot(all) |}

Cscla] Csc[a+bx] (cdSin[bx] +d2xSin[bx
(bz\/Csc (Cos[a]®+sin[a]?) )+ 2] J | [0 x] [bx]) _
b2
. 1
[chsc[a} Sec[a] [b2 elArctaniTanial] w2, — = (ibx (-7 +2ArcTan[Tan[a]]) -
1+Tan[a]?

nlog[1+e?'PX] -2 (bx+ArcTan[Tan[a]]) Log[1- 2! (bxArcTan(Tan(all) |
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTaniTan(all) [} Tan| ]]/ (bz\/Sec (Cos[a]?+sin[a]?) )

Problem 250: Result more than twice size of optimal antiderivative.
J(c+dx) Sec[a+bx] Tan[a+bx] dx
Optimal (type 3, 29 leaves, 2 steps):

dArcTanh[Sin[a+bx]] (c+dx) Sec[a+bx]
- +
b2 b

Result (type 3, 93 leaves):
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b2
dLog[Cos[i+b?]+sln[§+b7xH cSec[a+bx] dxSec[a+bx]
+ +
b2 b b

Problem 254: Result more than twice size of optimal antiderivative.

J(c+dx)3Tan[a+bx]2d1x

Optimal (type 4, 128 leaves, 7 steps):
Jl(c+dx)3 (c+dx)4 3d(c+dx)2Log[1+e“(a+bX>]
- +

b 4d b2
3id? (c+dx) Polylog[2, -e?® @®X | 3d3Polylog(3, -e2i@®¥] (c+dx)>Tan[a+bx]
+ +
b3 2b* b

Result (type 4, 431 leaves):
—lx (4cP+6c?dx+4cd®x®+d> %) - 1
4 4 b
d®et? (21'1b2X2 (2b<e“ax+3i1 <1+<e2“> Log[1+e“(a*bx)]) +
6ib (1+e’'?) xPolylog[2, -e?* @] -3 (1+e?!?) Polylog[3, -e** (®"*¥ | ) Sec[a] +
(3c>dsec(a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b* (Cos[a]®+sSin[a]?)) +

. 1
{3chCsc[a] [b2 e tAreraniCotial] x2 . ——————Cot[a] (ibx (-n-2ArcTan[Cot[a]]) -
1+ Cot[a]?
nlog[l+e?tPX] -2 (bx-ArcTan[Cot[a]]) Log[1 - e?! (bx-ArcTan(Cot[a]l) ]

mLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

i PolyLog [2’ er (b x-ArcTan[Cot[a]]) ] )

Sec[a]]/ (b3’\/Csc[a}2 (Cos[a]®+sin[a]?) ) +

1 . . . .
—Sec[a] Sec[a+bx] (c*>Sin[bx] +3c*dxSin[bx] +3cd’*x*Sin[bx] +d®>x*>Sin[bx])
b

Problem 255: Result more than twice size of optimal antiderivative.

J(c+dx)2Tan[a+bx]2d1x

Optimal (type 4, 96 leaves, 6 steps):

i(c+dx)? (c+dx)® 2d(c+dx) Log[1+e?t (@:0X]
" b 34 b2

i d?Polylog[2, -e2! (@®¥ ] (c+dx)?Tan[a+bx]

+

b3 b
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Result (type 4, 276 leaves):
—lx (3c?+3cdx+d*x?) +
3

(2cdsec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b* (Cos[a]?+sSin[a]?)) +

) 1
d*Csc[a] |b* e tACTan(Cotlall x2 . — = Cot[a] (ibx (-7 -2ArcTan[Cot[a]]) -
1+ Cot[a]?
nlog[1+e?'PX] -2 (bx-ArcTan[Cot[a]]) Log[1- e2! (bx-ArcTan(Cotiall) ]

mLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

i Polylog|2, ! (bxArcTaniCotiall) 1) | sec[a] /(b3\/Csc[a}2 (Cos[a]?+sin[a]?) )+

Sec[a] Sec[a+bx] (c2Sin[bx] +2cdxSin[bx] +d?x?Sin[bx])
b

Problem 260: Result more than twice size of optimal antiderivative.

J(c+dx)3sin[a+bx] Tan[a+bx]2dx

Optimal (type 4, 228 leaves, 13 steps):

6id (c+dx)?ArcTan[e! **¥ ] 6d? (c+dx) Cos[a+bx] (c+dx)’Cos[a+bx]
_ . _
b? b3 b
61id? (c+dx) PolyLog[2, -ie! @®X ] 61 d? (c+dx) PolyLog[2, i e (30X ]
b3 : b3 :
6 d* Polylog[3, -i e @®X ] 6d*Polylog|3, ie! (30X |
b ) b '
(c+dx)3Sec[a+bx] 6d3Sin[a+bx] 3d(c+dx)2Sin[a+bx}
N _
b b* b?

Result (type 4, 532 leaves):

1
—— Sec[a+bx]
2b*

(3b>c®-6bcd?®+9b>c?dx-6bd®x+9b>cd®x*+3b>d®x>+121ib?c*dArcTan[e’ 20X |
Cos[a+bx] +b?c®Cos[2 (a+bx” -6bcd?Cos|2 (a+bx” +3b%c?dxCos |2 (a+bx” -
6bd®xCos[2 (a+bx)]|+3b°cd?x*Cos[2 (a+bx)]|+b’d*x*Cos[2 (a+bx)] -
12b*cd?xCos[a+bx] Log[l-ie! @PX) ] _6b2d®x*Cos[a+bx] Log[l-1ie' @PX ],
12b?cd*xCos[a+bx] Log[1+ie! @] 6b>d®x?Cos[a+bx] Log[l+ie" @]
12ibd? (c+dx) Cos[a+bx] PolyLog[2, -ie! ¥ | +12ibd? (c+dx)
Cos[a+bx] PolyLog[2, i e* "] +12d®Cos[a+bx] Polylog|[3, -ie' (@Px ] -
12d°Cos[a+bx] Polylog[3, i e' ®®¥ | -3b’>c2dSin[2 (a+bx)] +
6d°sin|2 (a+bx” -6b%cd*xSin|2 (a+bx” -3b%d®x?Sin|2 (a+bx)])
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Problem 261: Result more than twice size of optimal antiderivative.
J(c+dx)zsin[a+bx] Tan[a+bx]?dx

Optimal (type 4, 145leaves, 10 steps):

4id (c+dx)ArcTan[e! (¥ | 242 Cos[a+ b x]

.
b2 b3
(c+dx)?Cos[a+bx] 2id?Polylog[2, -ie! (@X]
- +
b b3

21 d?Polylog[2, ie! @®¥] (c+dx)?Secfa+bx] 2d(c+dx)Sin[a+bx]

+

b3 b b2

Result (type 4, 362 leaves):

1 X b x

= -4bcdArcTanh[Sin[a] + Cos[a] Tan[T]] -

b
b x

4 d*> ArcTan[Cot[a]] ArcTanh|Sin[a] + Cos[a] Tan| —] ] + 2d?Csc[a]

2 Cscl[a]?

((bx—ArcTan[Cot[a]}) <Log[1 el (bx-ArcTan[Cot [a] }

_ Log [1 4 ej (b x-ArcTan[Cot[a]]) ] )
i PolyLog[Z, _eﬁ (b x-ArcTan[Cot[a]] ]

i PolyLog [2, e]l (b x-ArcTan[Cot[a]]) ] ) N
b? (c+dx)25ec[a]+Cos[bx] ((—2d2+b2 (c+dx)2) Cos[a] -2bd (c+dx] Sin[a]) -
(2bd(c+dx) Cos[a] + ( 2d*+b? (c+dx) )Sin[a])sin[bx]+

+

b2 (c+dx)*sin[2X] )
(cos[2] -sin[2]) [cos[t (a+bx]] -sin[% (a+bx)]]
b2 (c+dx)*sin[2X]
(cos[2] +sin[2]) (cos[ (a+bx)] +sin[% (a+bx)]]

Problem 266: Result more than twice size of optimal antiderivative.

J(c+dx)4Csc[a+bx] Sec[a+bx]2dx

Optimal (type 4, 469 leaves, 27 steps):
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8id (c+dx)’ArcTan[e! @®¥ ] 2 (c+dx)*ArcTanh[e! (30X ]

b? B b B
4id(c+dx)’Polylog[2, -e! @] 121 d? (c+dx)?Polylog[2, -i e (30X ]
b2 ) b3 !
121 d2 (c+dx)*Polylog[2, i e! ¥ ] 4id (c+dx)’Polylog[2, e (30X ]
b3 B b2 -
12d? (c+dx)?PolyLog[3, -e! (*®¥ ] 24d* (c+dx) PolyLog|[3, -1i el (%]
b3 ’ b4 -
24d* (c+dx) Polylog[3, i e! @®¥] 12d? (c+dx)?Polylog[3, el (2% ]
b4 B b3 -
241 d? (c+dx) Polylog|[4, -e' @®¥ | 24 d*Polylog[4, -ie® (0% ]
bt + 5 _
24 i d* Polylog|4, i e! (¥ | 241 d* (c+dx) PolylLog[4, e (20 ]
+ +
b5 b4

24 d* Polylog|[5, -e! @*®¥ ] 24d*Polylog[5, e! @®¥ ] (c+dx)*Sec[a+bx]

- +

b> b> b

Result (type 4, 998 leaves):

1

bS

(-2b%c*ArcTanh[e! 22X ] +4b® P dx Log[1- e @*¥ ]+ 6b%c?d?x? Log[1- e @]+

4b*cd®x® Log[1-e! @P¥ | +b*d*x* Log[1-e! @Y | —ab* A dxlog[l+el @] -
6b* c2d?x? Log[1+e* @P¥ | —4b*cd®x® Log[1+e! (3P| —b*d*x* Log[1+e* (30X ] 4
4ib*d (c+ dx)3 Polylog|[2, -e' ®®¥ | —4ib’d (c+ dx)3 PolyLog[2, e! @0x) | -
12b% c? d? Polylog(3, e’ @**¥ | - 24 b2 c d® x PolylLog|[3, -e' (@2X) | -
12b%d* x? Polylog[3, -e’ @?*) | + 12 b2 c2 d? Polylog|[3, e' (@P¥) | &
24b% c d® x Polylog[3, e @*®* ] + 12 b? d* x? PolyLog[3, e* @*0*) | -
24ibcd®Polylog[4, -e' @*¥ ] 241 bd*xPolylog[4, -e' (@PX ] -
4d (—2 ib®c® ArcTan|e® @9 ] +3b3c2dxlog[l-ie! P ] +3b%cd?x?Log[1-1ie' (@PX ]
b*d®x® Log[1-ie' @Y ] -3b>c?dxlog[l+ie’ @P¥Y]-3b3cd®x?Log|l+ie! @PX]
b’ d®x® Log[1+ie* @] +3ib?d (c+dx)?Polylog[2, -ie! (@PX] -
3ib?d (c+dx)*PolyLog[2, i e' @**¥] -6bcd?Polylog[3, -ie’ @b ] -
6bd®>xPolyLog[3, -ie' @*®¥ ] +6bcd?Polylog|3, i e @] +6bd’x
PolylLog[3, i e! @"®¥ ] - 6i d’Polylog[4, -ie' @*¥) ] 1+ 61 d’Polylog|4, i e’ <a+bX>]) +
24 i bcd’Polylog|4, e* @P¥ | + 241 bd*xPolyLog[4, e x|+
24 d* PolyLog[5, e’ (0¥ ] - 24d* Polylog (5, e’ *** ] +b* (c+dx)*Sec[a+bx] |

Problem 268: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx] Sec[a+bx]2dx

Optimal (type 4, 219leaves, 19 steps):
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4id (c+dx)ArcTan[e! @®% ] 2 (c+dx)®ArcTanh[e! (20X ]

b? } b "

2id(c+dx) Polylog[2, e @*®X¥ | 21 d?Polylog[2, -1 e (@0
b2 - b3 ’

2id?Polylog[2, ie! ¥ ] 2id(c+dx) Polylog|2, e (20X ]

b3 ) b2 -
2d?Polylog[3, e P ] 2d2Polylog[3, e! ¥ ] (c+dx)®Sec[a+bx]

+ +
b3 b3 b

Result (type 4, 449 leaves):

l(fz b2 CzAr‘cTanh[ej (a+bx)] +2b2CdXLOg[1—ej (a+bx)] L b2 d? X2 LOg[l—eﬂ (a+bx)] -
b3
262 cdxLog[1+e! @% ] b2d?x? Log[1+el @0¥] 1 2ibd (c+dx) Polylog[2, e @bx] -
21ibd (C+dX> POlyLog[z) ei (a+bx)] *2d2 PolyLog[3, 7@11 (a+bx)] +2d2 PolyLog[3, ei (a+bx)]) N
, 4ic dAI"CTan[ii Sin[a]-1iCos[a] Tan{i—ﬂ ]
(C+dX> SeC[a+bX] Cos[a]2+Sin[a]? iZdz 1
b bz\/Cos[a12+Sin[a]2 b? 1+Cot[a]2

Cscla] ((bx-ArcTan[Cot[a]]) (Log[l - gl (bx-ArcTan(Cot(al]) | _ | og[] + gt (PX-ArcTan(Cot(al]) | ) +
i (PolyLog [2, _ei (b x-ArcTan[Cot[a]]) } _ PolyLog {2“ e]i (bx-ArcTan[Cot[a]]) ] ) ) N

2 ArcTan[Cot[a]] ArcTanh

[ Sin[a]+Cos[a] Tan[b%} ]

Cos[a]?+Sin[a]?

\/Cos[a]2 +Sin[a]?

Problem 280: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]3Sec[a+bx12d1x

Optimal (type 4, 305leaves, 36 steps):

4id2xArcTan[e! @] 3 (c+dx)?ArcTanh[et (0% ]

b2 b

d? ArcTanh[Cos[a+bx]] 2cdArcTanh[Sin[a+bx]] cdCsc[a+bx]

b3 i b2 ) b2 i
d?xCscla+bx] 3id(c+dx)Polylog[2, e @®¥ | 2id?Polylog|2, -i el (30X ]

b2 : b2 . b2 '
2id?Polylog[2, ie! ¥ | 3id(c+dx)Polylog|2, e! @®¥ ] 3d2Polylog|3, e’ (20 ]
b3 ) b2 . b3 .
3d?Polylog([3, e @*®¥] 3 (c+dx)®Sec[a+bx] (c+dx)?Csc[a+bx]2Sec[a+bx]
. _
b3 2b 2b

Result (type 4, 889 leaves):



98 | Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig™n trig”p.nb

b 2
(-c2-2cdx-d*x?) Csc[2+ TX]

N

+

8b

i (3 b2 CZ Log[l—e' (a+b x)

; +2d2Log[ j‘(a*bx)]+6b2cdeog[1—ej‘(a*bX)}+
2b

']
3b2d?x? Log[1-e* (@®¥ | -3b2c?Log[1+e' X | -2d? Log[1+e’ (@PX) ] -
6b?cdxlog|[l+e! @] 3b2 d*x?Log[1+e* @*¥ ] 1 6ibd (c+dx) PolyLog[2, -e’ @PX) ] -
6ibd (c+dx) PolyLog|2, e* % | - 6d?Polylog|3, -e' @*X | +6d”Polylog|3, e @*X ) +

(C2+2CdX+d2x2) Sec[§+b—x]2
2 2

+

8b
(c+dx) Csc[a] Sec[a] (-dCos[a] +bcSin[a] +bdxSin[a])

bZ

4icd Ar‘cTan[ -iSin[a]-iCos[a] Tan{z—x} ]

Cos[a]?+Sin[a]?

b? \/Cos 2 +Sin[a]?

1 1
—32d2 -
b 1+Cot[a]
Cscla] ((bx-ArcTan[Cot[a]]) (Log[l el (bx-ArcTan[Cot(a] ]—Log[1+<e]L (bx- A'"CTa“[':“[a”)” +

i (P01yLog[2, _ el (bx-ArcTan([Cot[a } PolyLog[Z el (bx-ArcTan[Cot[ ] ) )

L

[Sin[a]+Cos[a] Tan“}—x

2 ArcTan[Cot[a]] ArcTanh
Cos[a]?+Sin[a]?

\/Cos +Sin[a]?

Sec[i} Sec[? + bTX} ( cdSm[TX}dexSin[bz—x])

N

+

2 b2

Csc[g} Csc[§+ bTX} (cdSin[bZ—X] +d2xSin[b7X})

2 b?

czsin[bf] +2cdx51n[7"} +d2xzsin[b7x]

b (Cos[%] 7Sin[§]) (Cos[

—czsin[bTX} —2cdein[TX] ~d?>x2sin[2X]
b (Cos[i] +Sin[§]) (Cos[i bT
Problem 281: Result more than twice size of optimal antiderivative.

J(c+dx) Cscla+bx]3Sec[a+bx]?dx

Optimal (type 4, 154 leaves, 13 steps):
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3dxArcTanh [ej (3+6x) } 3 cArcTanh[Cos[a+bx]]

b 2b
dArcTanh[Sin[a+bx]] dCscla+bx] 31idPolyLog[2, -e! (30X ]
b2 Y 2 b2 .
3idPolylog[2, e @] 3 (c+dx)Secla+bx] (c+dx)Cscla+bx]?Sec[a+bx]
2 b? : 2b 2b

Result (type 4, 520 leaves):

dx dCot[i (a+bx)] cCsc[i (a+bx)]2 dszc[i (a+bx)]2

b 4 b? 8b 8b

3cLog[Cos[%<a+bx)H +dLog[Cos[%(aerx)]—SinE(a+bx)H )
2b b?

3cLog[Sin[§(a+bx)H 7dLog[Cos[§(a+bx)]+SinE(a+bx)H )
2b b?

3adLog[Tan[i (a+bx)]]

2b? +2b2
i (PolyLog[z, _el (a+bx)] —PolyLog[Z, et (a+bx)]>) .
cSec[%(a+bx”2 deec[%(aerx)]2 cSin[i(a+bx)]
+ + B

8b 8b b(Cos[%(a+bx)]—$in{%(a+bx)”

30 ((a+bx) (Log[1- e 0% ] ~Log[1+ et @59 ])

cSin[i (a+bx)] +d (aSin[i (a+bx)] - (a+bx) Sin[% (a+bx)]) )

b (Cos[i (a+bx)] +Sin[§ (a+bx)]) b2 (Cos[i (a+bx)] +Sin[§ (a+bx)])

d (—aSin[i (a+bx)]+ (a+bx) Sin[i (a+bx”) dTan[i (a+bx)]

b2 (Cos[%(a+bx”—$in[%(a+bx)]) 4b?
Problem 286: Result more than twice size of optimal antiderivative.
JXZCsc[a+bx]3Sec[a+bx]2d1x

Optimal (type 4, 235 leaves, 29 steps):

4 i x ArcTan [ej‘ (a+bx) } 3 x2 ArcTanh [ei (a+bx) ] ArcTanh[Cos[a+bx]]

b2 b b3
xCsc[a+bx] 3ixPolylog[2, -e!@®x | 2ijpolylog|2, -ie! (@bx |
bz N b2 - b3 +
21iPolylog[2, ie! ®¥ ] 3ixPolylLog[2, e' ***¥ ] 3PolylLog[3, -e! 0% ]
b3 ) b2 - b3 *
3Polylog(3, e! @®¥ | 3x2sec[a+bx] x2Cscla+bx]2Sec[a+bx]
+ —
b3 2b 2b

Result (type 4, 557 leaves):
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- s Efb TX 2 [ —a+ ——bx (Log[l— e’ (’a+%’bx)} ~Log[1l+e' (’a+%’bx)}) - (—a+ g)
Log[Tan| i [— b x) 1]+ (PolyLog[ el [370%) | - PolyLog|2, el [570%) ] ] ) -

2

1
—3(2Ar‘cTanh[Cos[a+bx] +1Sin[a+bx]] +3b2x?ArcTanh[Cos[a+bx] +1Sin[a+bx]] -
b

3ibxPolylog[2, -Cos[a+bx] -i1Sin[a+bx]] +

3ibxPolylog[2, Cos[a+bx] +1Sin[a+bx]] +

3PolylLog[3, -Cos[a+bx] -1Sin[a+bx]] -3PolyLog[3, Cos[a+bx] +JiSin[a+bx}]) +

2

x? Sec[§+ b7x] xCsc[a] Sec[a] (-Cos[a] +bxSin[a])

+ +

8b b2
szcE} Csc[% TX] Sln[T"]

2 b2
xSec[?} Sec[§+ bx] Sin[b"]

2 b?

b (cos[2] +sin[2]) (cos[2+2X] +sin[2+2X])

Problem 287: Result more than twice size of optimal antiderivative.

Jszc[a+bx}3Sec[a+bx}2d1x

Optimal (type 4, 126 leaves, 13 steps):

3xArcTanh|e! *®¥ | ApcTanh[Sin[a+bx]] Cscla+bx] 3iPolylog[2, -e! @®bx |
) b i b2 R 2b2 )
BjPolyLog[Z, cefl(a*bx)] 3xSec[a+bx] xCsc[a+bx]%2Sec[a+bx]
202 ' 2b . 2b

Result (type 4, 282 leaves):
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1
—— |8bx-2Cot|

2
2 b? (a+bx)] +

(a+bx)] -bxCsc|

N |
N |

12 (a+bx) (Log[1-e! @®X ] _Log[1+e® (@PX]) +8Log[Cos[1 (a+bx)] —Sin[1 (a+bx)]] -
2 2

8Log[Cos|~ (a+bx)]| +Sin]

N |
N |

(a+bx)]] —12aLog[Tan[§ (a+bx)]]+

121 (PolylLog|[2, -e' @*®¥ ] —Polylog[2, e' (*¥ ) +bxsec[1 (a+bx)]”+
2
8bxsSin[t (a+bx 8bxsSin[t (a+bx
[2( H _ [2< )] —2Tan[l(a+bx)]
Cos[i(a+bx”7$in[i(a+bx)] Cos[§<a+bx)]+sin[i(a+bx” 2

Problem 291: Result more than twice size of optimal antiderivative.

J(c+dx)4Sec[a+bx]2Tan[a+bx} dx

Optimal (type 4, 139leaves, 7 steps):
2id(c+dx)® 6d? (c+dx)?Log[1+e2i@®X] 6id® (c+dx)Polylog[2, -e2! (@abx ]

+ —

b? b3 b*
3d*Polylog([3, -e?! @0¥ ] (c+dx)*secla+bx]2 2d(c+dx)’Tan[a+bx]
. _
b° 2b b?

Result (type 4, 425 leaves):
%d4e_ja (2ib?>x* (2be?'?x+31i (1+e*'?) Log[1+e2t (@PX]) 4
2b
6ib (1+e?'?) xPolylog[2, -e?! (¥ | -3 (1+e?"?) Polylog[3, -e®* (@*¥ )
(c+dx)4Sec:[a+bx]2

Sec[a] + -
2b

(6 cd*sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) -

b2 g i ArcTan[Cot[a]] y2 _ - r Cot[a] (J’l b x (—n—zAr‘cTan[Cot[a] ]) -
1+ Cotla]?

nlog[1+e?'PX] -2 (bx-ArcTan[Cot[a]]) Log[1-e2! (Px-ArcTanCotiall) ]

sLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

Sec[a]]/

1
(b“\/Csc[a]2 (Cosfa]®+sin[a]?) ) - —2Sec[a] Sec[a+bx]
b2
(cdsin[bx] +3c*d*xSin[bx] +3cd®x*Sin[bx] +d*x>Sin[bx])

[6 cd®Csc[a]

i PolyLog [2) eZ i (bx-ArcTan[Cot[a]]) ] )
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Problem 292: Result more than twice size of optimal antiderivative.

J(c+dx)3Sec[a+bx]2Tan[a+bx] dx

Optimal (type 4, 115leaves, 6 steps):
3id (c+dx>2 3d? (c+dx) Log[1+e?! (2% ]
2 b2 ) b
31 d3Polylog[2, -e?# @®¥ ] (c+dx)’Secfa+bx]? 3d(c+dx)?Tan[a+bx]

+ —

2b* 2b 2 b?

+

Result (type 4, 286 leaves):
(c+dx)35ec[a+bx12
2b

(3cd*sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b* (Cos[a]?+sSin[a]?)) -

) 1
b? g i ArcTan(Cotial] y2 . — = Cot[a] (ibx (-n-2ArcTan[Cot[a]]) -

[3d3Csc[a]
1+ Cot[a]?

nLog[1+e?'PX] -2 (bx-ArcTan[Cot[a]]) Log[1 - e2! (bx-ArcTan(Cotlall) ]
sLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

/

3Sec[a] Sec[a+bx]

i PolyLog[Z, eZJi (b x-ArcTan[Cot[a]]) ] ) Sec [a]

1

2b?
(c?dsin[bx] +2cd?xSin[bx] +d>x*Sin[bx])

(2 b“\/Csc[a]2 (Cos[a]®+sin[a]?)

Problem 299: Result more than twice size of optimal antiderivative.

J(c+dx)25ec[a+bx] Tan[a+bx]?dx

Optimal (type 4, 193 leaves, 17 steps):

i (c+dx)*ArcTan[e! @®X] g2 ApcTanh[Sin[a+bx]] 1d (c+dx)PolyLog[2, -ie! (20X ]
. _
b b3 b2
id (c+dx) Polylog[2, i e! @] d?Polylog[3, -ie’ (20X ]
+

b2 b3 )

+

d?Polylog[3, i e! P ] d (c+dx) Sec[a+bx] <c+dx)25ec[a+bx1 Tan[a + b x]
- +

b3 b2 2b
Result (type 4, 526 leaves):




Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig”™n trig”\p.nb | 103

1 i b c? ArcTan [ei (a+bx) ] _ 2 i d? ArcTan [ej = }

-bcdxLlog[1-ie!@®x]
b? b

Lhaxe Log[1-ie'@®¥ ] ibcdxLlog[l+ie @] Lodx Log[1+ie! @®X]
2 2
id (c+dx) PolyLog[2, -ie! @®¥ ] +id (c+dx) Polylog[2, ie' @P¥ ]+

d? Polylog[3, -ie' (**¥ | d2PolylLog|3, ie! (@°% ] J

b b
d(c+dx)Sec[a1 c2+2cdx+d?x?
+ +
b2 4b(Cos[§+b2fX]—Sin[§+b7x})2

~cdsin[®X] - d?x Sin[ 2X]

b2 (Cos[i} —Sin[g]) (Cos[

—c?-2cdx-d?x?

4b (Cos[%erT"] +Sin[§+b7"])2

cdSin[bTX] +d2xSin[b7X}

b2 (Cos[ ] +Sin[§]) (Cos[

i +bx}+Sin[§+bTx])

a _ bx
2 2

Problem 300: Result more than twice size of optimal antiderivative.

J(c+dx) Sec[a+bx] Tan[a+bx]2dx

Optimal (type 4, 117 leaves, 12 steps):
i (c+dx) ArcTan[e® @*®X) | idPolylog|2, -ie! (30X ]
b ) 2 b?
idPolylog[2, ie! @®¥ | dsecfa+bx] (c+dx)Sec[a+bx]Tan[a+bx]
2b? T 2b

+

Result (type 4, 607 leaves):



104 | Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)”~m trig™n trig”\p.nb

cLog[Cos[i (a+bx)] —Sin[i (a+bx)]] cLog[Cos[i (a+bx)] +Sin[% (a+bx)]]

- +

2b 2b
zl?d((aerx) Log[l—Tan[i(a+bx)H7Log[1+Tan[§(a+bx)]]]+
a —Log[l—Tan[i(a+bx)H+Log[1+Tan[§(a+bx)H]+
i Log[l—Tan[%(aerx)HLog[ %+§) [—1'1+Tan[§(a+bx)] ] -
Log[i((lﬂi)—(l—j)Tan[%(aerx)] }Log[l+Tan[%(a+bx)H+
Log| —%—i] (1+Tan[%<a+bx)] ]Log[1+Tan[%<a+bx)H—
Log[l—Tan[i(a+bx>HLog[%[(1+J’1)+(1—]‘1)Tan[§(a+bx>] |+
PolyLog|2, (—%—if (—1+Tan[%(a+bx)] |-
PolyLog|2, (7§+if] (—1+Tan[% (a+bx)] | - Polylog|2,
(i—%] (1+Tan[§(a+bx” | +PolylLog|2, (§+§ 1+Tan[§(a+bx>] ]])+
c d x
4b(Cos[i(a+bx)]fsin[§(a+bx)])2 4b(Cos[§(a+bx”75in[i(a+bx)”2
dSin[%(aerx)] )
2 b2 (Cos[%(a+bx)}—$in[§(a+bx)])

C

4D (Cos[% (a+bx)]+sin[? (a+bx)])2
dx

+

4b (Cos[% (a+bx)] +Sin[§ (a+bx)])2

dSin[% (a+bx)

N = b

2 b2 (Cos[i (a+bx)] +sin]

(a+bx)])

Problem 304: Result more than twice size of optimal antiderivative.

J(c+dx)3Tan[a+bx]3d1x

Optimal (type 4, 259 leaves, 13 steps):
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3id (c+dx)? (c+dx)? i (c+dx)* 3d?(c+dx)Log[l+e?! (a:bx)]

200 20 4d b '
(c+dx)’Log[1+e? @b ] 33 d®Polylog[2, -e?? (30X ]
b ' 2b* )
3id (c+dx)2PolyLog[2, -2t (abx) | . 3d? (c+dx) Polylog[3, -e?i (2:0% ] )
2 b? 2 b3
31 d3Polylog[4, -e?* @] 3d(c+dx)*Tan[a+bx] (c+dx)’>Tan[a+bx]?
4 p* B 2 b2 i 2b

Result (type 4, 817 leaves):
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S et (2ib>x* (2be**?x+31i (1+e*'?) Log[1+e2t (@PX )

4b3

6ib (1+e’*?) xPolylog[2, -e?! (@PX) | 3 (1+e?%?) PolyLog|3, -e*! (®¥) |) Sec[a] +
l]'ldz' eia —X4+ <1+e—2ja) X4— LE—Zja <1+ezia>
4 2 b*

(2b*x*+ 41 b*>x Log[1+e*! @®¥ | + 6b® x* Polylog[2, -e®* @) | 161 bx
(c+dx)*secfa+bx]2

+

Polylog|3, -e?® (@PX) ] _3polyLog[4, -e** @**) |} | Sec[a] +

2b
(c?secla] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bein[a}>)/
(b (Cos[a]®+Sin[a]?)) -
(3cd*sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b* (Cos[a]®+sin[a]?)) +
, . 1
3¢ dCsc[a] bz e—JLAr‘cTan[Cot[a]] X2—
1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) ] ;1 og[Cos [bx]] - 2 ArcTan[Cot[a]]
Log[Sin[bx - ArcTan[Cot[a]]]] + i PolyLog[2, e?* (Px-ArcTaniCotiall) ) | sec[a] /

i 1
(2 bz\/Csc[a]2 (Cos[a]2+Sin[a]2) ) - |3d3Csc[a] |b% e tArcTan(Cot(al] y2 _
1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e2! (bx-ArcTan(Cot[all) | ;1 og[Cos [bx]] - 2 ArcTan[Cot[a]]
Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e** (PXxArcTaniCotlall) ) | sec[a] /

(2 b“\/Csc[a]2 (Cos[a]®+sin[a]?) ) - %3 Sec[a] Sec[a+bx]
2b

1
(c?dsin[bx] +2cd®*xSin[bx] +d*x*Sin[bx]) - =
4
X
(4c*+6c2dx+4acd s+ d )

Tan[a]
Problem 305: Result more than twice size of optimal antiderivative.
J(c+dx)2Tan[a+bx]3d1x

Optimal (type 4, 169 leaves, 9 steps):



Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig”™n trig”\p.nb | 107

cdx d?x? Ji(C+dx>3 (c+dx)2Log[1+e“<a*bx)}

+ - +
b 2b 3d b
d?Log[Cos[a+bx]] 1d (C+dX> PolyLog{Z, —e2t (a+bx)]
b3 ) b2 i
d?Polylog[3, -2 (@®X | d (c+dx) Tan[a+bx] (Cerx)zTan[aerx]2
- +
2 b3 b? 2b

Result (type 4, 461 leaves):

_121b3d2 e??(2ib?x* (2be? 2 x+ 31 (1+e*'?) Log[1+e?! P ]) 4
61b (1+e21a) xPolyLog[Z, _ 2l (a+bX)] -3 (1+e21a> po]_yLog[3, _e2i <a+bx)]>
<c+dx)25ec[a+bx}z
Sec[a}+ .

2b
(c?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) -
(d*sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) +

[chsc[a} [bz efjAr‘cTan[Cot[a]] X27 1

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - g2t (bx-ArcTan(Cot[all) ], ;1 0g[Cos [bx]] - 2 ArcTan[Cot[a]]
Sec[a]]/

Sec[a] Sec[a+bx] (-cdSin[bx] -d?xSin[bx])
b2

Log[Sin[bx - ArcTan[Cot[a]]]] +1i PolylLog[2, e?* (Px-ArcTaniCotlal]) 1)

(bz\/CSC[a]Z (Cosfal?+Sin(a]?) ) ‘

1
=x (3c?+3cdx+d*x?) Tan[a]
3

Problem 306: Result more than twice size of optimal antiderivative.

c+dx) Tan[a+bx]3dx
J( ) Tan[a+bx]

Optimal (type 4, 108 leaves, 7 steps):
dx i (c+dx)? X (c+dx) Log[1+e?® (20X ]
2b 2d b
idPolylog[2, -e** @**¥ | gdTan[a+bx] (c+dx) Tan[a+bx]?

+

2 b? 2 b? 2b

Result (type 4, 242 leaves):
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clog[Cos[a+bx]] cSec[a+bx]?
+ +
b 2b
dxSec[a+bx]? 1

+ dCsc[a] b2 e—iAr‘cTan[Cot[a]] X27
2b 1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTan(Cotlall) | ;1 og[Cos [bx]] - 2ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e** (PXxArcTaniCotiall) ) | sec[a] /

(2 bz\/Csc[a]2 (Cos[a]?+sin[a]?) ) _dsecfa] Sec[a+2bx] Sin[bx] 1
2b 2

d
X
Tan[a]

2

Problem 310: Result more than twice size of optimal antiderivative.

J(c+dx)4Csc[a+bx] Sec[a+bx]?dx

Optimal (type 4, 399 leaves, 25 steps):
2id (c+dx)® (c+dx)* 2 (c+dx)*ArcTanh[e?! (@0 ]
N _

b? 2b b
6d? (c+dx)?Log[1+e?t@bX ] 6id® (c+dx)Polylog|2, -e2i(@x]
b3 * b4 +
2id (c+dx)’Polylog[2, -e?* @®X | 2id (c+dx)’Polylog[2, e?! (@b ]
b? ) b2 -
3d*Polylog([3, -e?! (0¥ ] 3d? (c+dx)*Polylog[3, -e?! (20X ]
b° B b3 i
3d? (c+dx)?Polylog[3, e?! @®¥ ] 3id® (c+dx)Polylog[4, -e?! (a:0X)]
b3 B b +
3id® (c+dx) Polylog[4, e (®¥) | 3d*Polylog|5, -e?® (30X ]
N _
b4 2b5
3d*PolyLog[5, e (30X 2d<c+dx)3Tan[a+bx1 (c+dx)*Tan[a+bx]?
- +
2b° b? 2b

Result (type 4, 1790 leaves):

—%czdz ef?Cscla] (2b>x* (2be*'?x+31 (-1+e’"?) Log[1-e*! (®P¥ ]) +
2b
6b (-1+e’*?) xPolylog[2, e* @] +3i (-1+e?%?) Polylog|3, e (®®X) ) -

cd®e’?Csclal [x*+ (-1+e?'?) x*+ —e?1? (-1+e*'?) (2b"x*+ 41 D> %P Log[1-e?" PO 4

2 b
6 b> x? Polylog[2, e @*X) ]| + 6 bx Polylog[3, e** ®*X) | -3 PolyLog|4, e*! (@*¥ |)
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1, .
—d*e'?Cscla) |X°+ (-1+e?'?) X+
5 4b°

(4b°x°+10 i b* x* Log[1 - 2! (@PX) | 4 20 b° x* Polylog[2, e?* (@*°*) | 1 3@ i b? X2

e2ia (_1+ezja>

Polylog[3, e (@**¥)] —30bxPolylLog[4, e @PX) | 15 i PolylLog[5, e @b ]) | +

1
—x (5c*+10c’dx+10c?d?x* +5cd®x® + d* x*) Csc[a] Sec[a] +
5

1

2b3
Rd2eia
(2ib>x* (2be*'?x+31i (1+e*'?) Log[1+e?! @ ]) +
6ib <1+ez]1a> xPolyLog[Z, —e?t be)] -3 <1+‘e“a> PolyLog[B, -e?t (a+bx)]> Sec[a] +
%d“’eija <2j.b2X2 <2be2]lax+3j <1+ezﬁa> Log{1+e21(a+bx>]) +
2b
6ib (1+e’"?) xPolyLog[2, -e** (@®¥ ] -3 (1+e?%?) Polylog|3, -e*! (32X ])
—2ﬁa>x4,i
2b*
€% (1+e®'?) (2b*x* + 410> Log[1+e2 @2X ] 4 6b2x2 Polylog|2, —e2! (@0¥ ]+

Sec[a] -1cd3el?

-x4 4 (1+e

61 bxPolylog[3, -e @*®¥] _3PolylLog|4, -e2! 30X ])

Secla] -

) 1 i . )
721a) X5— Se—ZJLa <1+621a> <4b5 X5+19]lb4X4 Log[1+621 (a+bx)} N
4b
20 b%x? Polylog |2, -e®* (®*"X)| 1+ 30 i b? x? PolylLog[3, -e** @®¥ | —30bx
(c+dx)*secla+bx]?

Sec[a] + -
2b

Ejld4e]1a

—x5+<1+e
5

PolylLog |4, -e?® (@®X) ] _ 15 Polylog|[5, -e** (0% )

(c*secla] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+Sin[a]?)) -
(6 cd*sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b* (Cos[a]®+sSin[a]?)) +
(c*Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]®+Sin[a]?)) -
3 2 _-iArcTan[Cot[a 2 1
2c’dCscla] |b%e [Cotfal] x2 _
1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1l+e?*®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - g2! (bx-ArcTanCotiall) | ;1 og[Cos [bx]] - 2 ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e** (PXxArcTaniCotlall) 1) | sec[a] /

) 1
(bz\/Csc[a]2 (Cos[a]?+sSin[a]?) ) - |6cd®Csc[a] |b? e tArcTan(Cotlal] 2 _

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1l+e2*®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e (Px-ArcTaniCotiall) ] ;1 og[Cos[bx]] - 2ArcTan[Cot[a]]
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Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e (bx-ArcTaniCotiall) |) | sec[a] /

(b“\/Csc (Cosfal®+sin[a]?) ) —LZSec[a} Sec[a+bx]
b2
(c*dsin[bx] +3c®d?>xSin[bx] +3cd®x*Sin[bx] +d*x>Sin[bx]) -
2c3dCscla] Sec[a] |b%elArcTanTan(al] 2 ;(j bx (-7 +2ArcTan[Tan[a]]) -
1+Tan[a]?
nlog[l+e?'PX] -2 (bx+ArcTan[Tan[a]]) Log[1- e (bxrArcTan(Tan(all) ]
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog[2, ! (bxArcTaniTan(all) [} Tan| /(bz\/Sec (Cos[a]?+sSin[a]?) )

Problem 311: Result more than twice size of optimal antiderivative.

J(c+dx)3Csc[a+bx] Sec[a+bx]?dx

Optimal (type 4, 325leaves, 22 steps):
3Jid(c+dx>2 (c+dx)3 2(c+dx) ArcTanh[e?! (2:®X) | 3d2 (c+dx) Log[1+e2® (30X ]
N _ _

2b? 2b b b3 !
31 d3Polylog(2, -e2 @®% ] 3id (c+dx)?Polylog[2, -e?i (3]
2b* " 2 b2 h
3id (c+dx)?Polylog[2, e2i (@b ] 3d? (c+dx) Polylog[3, -e2i (20X ]
2 b? B 2 b3 *
3d? (c+dx) PolyLog[3, e?!(3*®X) | 3 d°PolylLog|[4, -e2® (30X ]
2b3 B 4 b* *
3 i d?Polylog[4, e?* (X | 34 (c+dx)2Tan[a+bx} (c+dx)3Tan[a+bx]2
4 b B 2 b2 " 2b

Result (type 4, 1294 leaves):

%Cdz el?Csca] (2b?x* (2be?'?x+31i (-1+e?'?) Log[1-e?! (@0 ])
4b

6b (-1+e?*?) xPolylog[2, e @] +3i (-1+e?%?) Polylog|3, e (0X) ) -

‘ ) 1
—d®e'?Cscla) [x*+ (-1+e?7?) x*+
4 2b*

e?t? (-1+e?'?) (2b*x*+41ib?>x’ Log[1-e?! (@PX ] 4
6 b2 x> PolyLog[2, e (@**X) ] 1+ 6 i b x PolylLog[3, e (@"*X) ] —3PolyLog|4, e?* X |} | +

=x (4c?+6c?dx+4cd®x*+d>x*) Csc[a] Sec[a] + cd?e
4 43
(2ib?x* (2be’'?x+31 (1+e2“) Log[1+e2t (@Px) ])

6ib (1+e’'?) xPolylog[2, -e?* @] -3 (1+e?!?) Polylog[3, -e* (**¥ |) Sec[a] -
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l]'ld3(e]la 7X4+<1+(e72jia) X4*L€721a <1+(eZI'La>
4 2 b*
2b*x* + 41 b3x3 Log[1+e?t @PX ] L 6b2x%2PolyLog|2, -e?® (30X ] 161 bx
( g| yLog
. . dx)?s b x]2
Polylog|3, -e?! (X ] 3 polylog|4, -e** @** |} | sec[a] + (c+dx] ebc[a+ X7
2

(c*sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sSin[a]?)) -
(3 cd®sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) +
(c3Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /
(b (Cos[a]?+sin[a]?)) -
1

3 c2 dCsc [a] b2 e—i ArcTan[Cot[a]] X2

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - et (Px-ArcTaniCotiall) ] ;1L og[Cos[bx]] - 2ArcTan[Cot[a]]
Sec[a]]/

1

Log[Sin[bx - ArcTan[Cot[a]]]] + 1 PolyLog [2, @21 (bx-ArcTan([Cot[a]]) ] )

b2 efi ArcTan[Cot[a]] 2

(2 bz\/Csc[a]2 (Cosfa]®+sin[a]?) ) - {3 d®Csc[a] x? -

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTan(Cotlall) | ;1 0g[Cos [bx]] - 2 ArcTan[Cot[a]]
Sec[a]]/

Log[Sin[bx - ArcTan[Cot[a]]]] + i PolylLog|2, e?* (bx-ArcTan(Cot(al]) ] )

1
- ——3Sec[a] Sec[a+bx]
2 b?

(c?dsin[bx] +2cd®*xSin[bx] +d>x*Sin[bx]) -

(2 b“\/Csc[a]2 (Cosfa]®+sin[a]?)

) 1
b2 el ArcTan(Tan[al] y2 —(1’1 b x (77r+2Ar‘cTan[Tan[aj ]) -

{3 c?dCsc[a] Sec[a]
1+Tan[a]?

nlog[l+e2tPX] -2 (bx+ArcTan[Tan([a]]) Log[1 - e?! (bxhArcTan(Tan(a]l) |
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

jpolyLog[z, e2i (bx+ArCTan[Tan[a]])]) Tan[a]J]/ (2 bz\/Sec[aJ2 (Cos[a}2+sin[a]2) )

Problem 312: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx] Sec[a+bx]3dx

Optimal (type 4, 201 leaves, 17 steps):
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cdx d?x2 2 (c+dx)*ArcTanh[e2! (20X ]
+ - —

b 2b b
d? Log[Cos[a+bx]] . id (c+dx) Polylog[2, -e?® (a:0X |
b3 b2
id (c+dx) PolyLog[2, e?! (3*®X |  d2polylLog|3, -e2® (30X |
b2 . 2b3
d?Polylog|3, 2?1 @¥ ] d(c+dx)Tan[a+bx] (c+dx)?Tan[a+bx]2

- +

2 b3 b2 2b

+

Result (type 4, 788 leaves):

I 3d2<e’“Csc[a] (2b?x* (2be??x+3 1 (-1+e”'?) Log[1-e2! @Y ]) +
12b
6b (-1+e’'?) x Polylog[2, €2 (@X) ] 13} (-1+e2%2) PolyLog[3, e?* <a*bx>]) +
1 2 2,2 1
—x (3c®+3cdx+d*x?) Csc[a] Sec[a] +
3 12 b3

d’e'? (21b?x? (2be?*?x+31i (1+e??) Log[1+e?! (B2 )
6ib (1+e*'?) xPolylog[2, -e** @] -3 (1+e”'?) Polylog[3, -e*! (@*¥ )
(c+dx)*secla+bx]?
2b

(c*secla] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /

(b (Cos[a]?+sin[a]?)) -
(d*sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /

(b (Cos[a]?+sSin[a]?)) +
(c*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])) /

Sec[a] +

) 1
(b (Cos[a]2+Sin[a]2)) —|cdCsc[a] |b?e tArcTan(Cot[a]] y2 _

1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Llog[l+e?'®*| -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) ] ;1 og[Cos [bx]] - 2 ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e?* (Px-ArcTaniCotiall) ) | sec[a] /

S S b —cdSi b 7d2 Si b
(bz\/Csc[a]z (Cosa]? + Sin[a]?) )+ ecla] Sec[a+bx] (-c 21n[ X] xSin[bx]) i
b

. 1
cdCscla] Sec[a] |b?elArcTaniTanial] 2, — (i bx (-7 +2ArcTan[Tan[a]]) -

1+Tan[a]?
nlog[1l+e2iPxX| -2 (bx+ArcTan[Tan([a]]) Log[1 - e2! (bxwArcTaniTan(all) |
sLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxsArcTan(Taniall) 1) Tan[a] / (bz\/Sec[a12 (Cos[a]?+sin[a]?) )
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Problem 318: Result more than twice size of optimal antiderivative.
J(c+dx)2Csc[a+bx]2Sec[a+bx]3d1x

Optimal (type 4, 341 leaves, 31 steps):

3i <c+dx)2Ar‘cTan[ei<a*bX)] 2d2xAr‘cTanh[aajl (a*b”] 6d (c+dx) Ar‘cTanh[ejL (a*b”]
_ . _ _

b |:)2 b2

d2x ArcTanh[Cos[a+bx]] d (c+dx) ArcTanh[Cos[a+bx]]

b? ' b2 "
d? ArcTanh[Sin[a+bx]] 3 (C+dX)2CSC[a+bX] 2id? PolyLog[Z, -et (a*b")}

- + +

b3 2b b3

3id(c+dx) Polylog[2, -ie!@PX)] 3id(c+dx)Polylog|2, ie! @Px]
b2 . b2 -

2 i d?Polylog[2, el @*®X) | 3d2Polylog|3, -i el (@X |

b . b3 ’
3d2PolyLog|[3, i e! (30X | d (c+dx) Sec[a+bx] (c+dx)2Csc[a+bx} Sec[a+bx]?

- +
b3 b2 2b

Result (type 4, 889 leaves):
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7% (6 i b®>c?ArcTan[e' @*®¥ | +4 i d?ArcTan[e' (@"*¥ | —6b>cdxLlog[1-1ie! @PX] -
2b
3b2d*x?Log[1-ie’ @Y ]| +6b*cdxLlog[l+ie! @P¥ ] +3p2d?x?Log[l+ie! @0 ] -
6ibd (c+dx) Polylog[2, -ie' ®®¥ | +6ibd (c+dx) Polylog[2, ie @P* ]
6 d> Polylog|3, - i e %] - 6d? Polylog|[3, i e’ @PX]) -
(c+dx) Cscla] Sec[a] (bcCos[a] +bdxCos[a] +dSin[a])

b2

+

. . . b x

i iCos[a]-1iSin[a] Tan| —

41icdArcTan| {’]]
Cos[a]?+Sin[a]?

b? \/Cos 2,:sin[a)?

Sec[?} Sec[§+b7x} (-cZSin[ ZX} _2cdx51n[7x] dZXZSin[b?X”

2b "
Csc[Z}Csc[g bTX} (c Sln[bT] +2cdx51n[7x} +d2XZSin[bTx]> +
2b
c2+2cdx+d?x?
.
4b(Cos[§+b7X]—Sin[3+b2—X])2
—cd51n[2] d2x51n[TX]
+
o [cos 5] -sin[5]) [cos [+ ] -sin [+ 1)
-c?-2cdx-d?x?
4
4b(COS[§+bTX]+Sln[§+b2_X])2
cd51n[b2—x]+d2x51n[7x} 1
=
b2 (Cos[f}+sin[§]) (Cos[§+b7x}+51n[§+b7x]) b3
3 b x
2 ArcTan[Tan[a]] ArcTanh [ _Cosfal sin(a) Tan{l_] }
2d? |- Cos[a]?+Sin[a]? . 1
\/Cos 24+Sin[a]? 1+Tan[a]2

( <b X +Ar‘cTan[Tan [a] 1 > (Log[l _ eJ‘L (bx+Ar‘cTan[Tan[a]])} _ Log[l + e]’l (b x+ArcTan[Tan[a]]) ] ) +

i (PolyLog [21 7ej (bx+ArcTan[Tan[a]]) ] _ PolyLog [2, e]i (bx+ArcTan[Tan[a]]) ] ) ) Sec[a]

Problem 319: Result more than twice size of optimal antiderivative.

J(c+dx) Cscla+bx]2Sec[a+bx]3dx

Optimal (type 4, 162 leaves, 13 steps):
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BidxArcTan[ej “‘*b")} dArcTanh[Cos[a+bx]]
) b ) b2 :
3cArcTanh[Sin[a+bx]] 3 (c+dx)Cscla+bx] 3idPolylog|[2, -ie! (3]
2b . 2b : 2 b? )
BdeolyLog[Z, iel (a*bx)} dSec[a+bx] <c+dx) Csc[a+bx] Sec[a+bx]2
2b? Y R 2b

Result (type 4, 772 leaves):

| 115
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_cCotE (a+bx)] +d (aCos[% (a+bx)] - (a+bx) Cos[% <a+bx)]) Csc[% (a+bx)] )

2b 2 b?
dLog[Cos[% (a+bx)]] 3cLog[Cos[§ (a+bx)] —Sin[% (a+bx)]]

- +

b? 2b
dLog[Sin[i (a+bx)]] 3cLog[Cos[§ (a+bx)] +Sin[§ (a+bx)]]
b? : 2b "
;?Bd (a Log[l—Tan[% (a+bx)]] —Log[1+Tan[§ (a+bx)]]|+

(a+bx) (—Log[l—Tan[% (a+bx)]] +Log[1+Tan[1

. (asbx)]] |-
E+£ [711+Tan[§ (a+bx)]|]-

i

Log[l—Tan[% (a+bx)]] Log|

Log[%((lﬂi)f(lfj)Tan[g(aerx)] }Log[l+Tan[§(a+bx)H+
Log | 7%73] (1‘1+Tan[§<a+bx)] ]Log[1+Tan[§(a+bx)Hf

2
Log[l—Tan[% (a+bx)]] Log[% ((1+J‘1) +(1-1) Tan|

N |

(a+bx>]

] +

1 1 1

Polylog[2, [-=- —| |-1+Tan[= (a+b -

oyog[ [ - ( + an[2 (a+ x)] }

1 1 1

PolyLog|2, [7—+—] (71+Tan[— (a+bx)]|]-PolyLog|2,
2 2 2

ifi—] (1+Tan[§(a+bx” | +Polylog|2, (§+i— 1+Tan[§(a+bx)] ]])+
c d x

4b (Cos[i (a+bx” —Sin[i <a+bx)])2+4b (Cos[i (a+bx” —Sin[i (a+bx”)2 _

dSin[% (a+bx)

(a+bx)])

N = —

2 b? (Cos[i (a+bx)] -sin]

C

4b (Cos[% (a+bx)] +Sin[% <a+bx)])2*
d x

+

4b (cOs[i (a+bx)] +Sin[§ (a+bx)])2

dSin[% (a+bx)]

+

2b? (Cos[i (a+bx)]+sin[2 (a+bx)])

dSec[% (a+bx)] (aSin[% (a+bx)] - (a+bXx) Sin[% (a+bx”)

2 b?
cTan[% (a+bx)]

2b
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Problem 324: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]3Sec[a+bx]3d1x

Optimal (type 4, 190 leaves, 10 steps):
4(c+dx) ArcTanh[e?! (32X | g2 ApcTanh[Cos[2a+2bx]] 2d (c+dx) Csc[2a+2bx]

b b3 b2
2 (c+dx)?Cot[2a+2bx] Csc[2a+2bx] 2id (c+dx)Polylog[2, -e?* (30X ]
. _
b b2
2id(c+dx) PolylLog[2, e?! (2*®X ]  d?Polylog|3, -e?! (@PX)|  d2Polylog[3, e?* (2:°% |
- +
b2 b3 b3

Result (type 4, 429 leaves):
d(c+dx)Csc[2a] (-c*-2cdx-d?x?) Csc[a+bx]?

8 |- + +
4 b? 16b
% (szcz Log[l—e i (a+bx) ] + d2 Log[l—e“(a*b")] +4b2cdeog[1—e“(a*bx)] N
8b
2b2 dZ X2 Log[ 21 (a+bx) ] 2b2 c2 Log[1+ezi (a+b x) ] dZ Log[1+e2]'l (a+bx)] _
4b2CdXLog[1+e“ (@bx) ] 22 d? x? Log[1 +e?* (%) ]
2ibd (C+dx) PolyLog[ @21 (3+bx) ] 2ibd (C+dx> olyLog[z, (e“("‘*bX)] _
d’Polylog[3, -e2! (@b | +d2 Polylog|3, e?* (@0x) ]} +
(c2+2cdx+d?x?) Sec[a+bx]? Sec[a]Sec[a+bx] (-cdSin[bx]-d*xSin[bx])
+ +
16b 8 b?
Cscla] Csc[a+bx] (cdSin[bx] +d?*xSin[bx])
8 b?

Problem 325: Result more than twice size of optimal antiderivative.

J(c+dx) Csc[a+bx]3Sec[a+bx]3dx

Optimal (type 4, 110leaves, 7 steps):
4(c+dx)Ar‘cTanh[ 28 @bx) | gcsc[2a+2bx] 2 (c+dx) Cot[2a+2bx] Csc[2a+2bX]

- +

b bz b
idPolylog[2, -e?* (¥ ] idPolylog[2, e2i (a0 ]
b? . b2

Result (type 4, 236 leaves):
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Problem 331: Result more than twice size of optimal antiderivative.
JxSin[aerx}

dCot[a+bx]

cCscla+bx]?2 d(2a-2(a+bx))Cscla+bx]?

2b?

2clog[Cos[a+bx]] 2clog[Sin[fa+bx]] 2adlLog[Tan[a+bx]]

+ —

2b 4 b?

b

+ +

b b2

blfzd (2 (a+bx) (Log[l—rezjl (abx) ] _Log[1+e?? (a*bx)” +

i (PolyLog|2

cSecla+bx]?

, —e2t @0 _polylog[2, et (30X ])) &
d(-2a+2(a+bx))Sec[a+bx]? dTan[a+bx]

+
2b

v/ Cos[a+bx]

4 b2 2 b?

dx

Optimal (type 4, 33 leaves, 2 steps):
2x+/Cos[a+bx] 4EllipticE[§ (a+bx), 2]

b

+

bZ

Result (type 4, 181 leaves):

1

4

bz Cos[a+bx

Problem 340: Result more than twice size of optimal antiderivative.

1+Cos[a+b x]

(Cos[% (a+bx)]2)3/2\/ ( Cos[a+bx]

1+Cos[a+bx])2

1
1+ Cos

[a+bx]

2 EllipticF [Ar‘csin [Tan [

2 EllipticE [Ar‘cSin [Tan [

N |

(a+bx)]],1}\/5ec[

(a+bx)]], 1}\/Sec[

N |

(a+bx>]2 +

N |
N |

\/Cos[a+bx]

Sec| (aerx)]2 ~bx+2Tan[~ (a+bx) |

N |

N |

JX\/Sec[aerx} Sin[a +bx] dx

Optimal (type 4, 53 leaves, 3 steps):

2 X

4+/Cos[a+bx] EllipticEE (a+bx], 2| V/sec[a+bx]
N

(a+bx)}2

b+/Sec[a+bx]

b2

Result (type 4, 132leaves):
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1 o b 2EllipticE[Ar‘cSin[Tan[i (a+bx) ], -1] Sec[% (a+be2
b2+/Sec[a+bx]

\/Cos[a+bx] Sec[% (aerxH4

2 EllipticF[Ar‘cSin[Tan[i (a+bx)]], -1] Sec[i (a+bx) 2

+2Tan[1 (a+bx)]
2
\/Cos[a+bx1 Sec[% (a+be4

Problem 342: Result more than twice size of optimal antiderivative.
J xSin[a+bx]

Sec[a+bx]3?

X

Optimal (type 4, 80leaves, 4 steps):
2x

+

75bSec[a+bx]5/2

12 +/Cos[a + b x] EllipticE[% (a+bx), 2] V/sec[a+bXx] 4Sin(a+bx]

+

25 b2

Result (type 4, 212 leaves):

25b2Sec[a+bx]3/?

1
—+/Sec[a+bXx]
b

1 1 Sinfa+bx] Sin[3 (a+bXx) ]|
-—xCos[a+bx] - —xCos[3 (a+bx)]+ +
10 10 25b 25b

+

Cos[f1 (a bx)]Z\/Sec[a b x]
+ +
25 b? 2

(a+bx)]4 -

12 Ellipt:‘LcE[Arcsin[Tan[1 (a+bx)]], -1] \/Cos[a+bx] Sec|
2

N |

12 EllipticF[Ar*cSin[Tan[l (a+bx)]], -1] \/Cos[a+bx} Sec[l (aerxH4 +
2 2

(a+bx)]2)]

Problem 345: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

[—5a+5 (a+bx) -12Tan[= (a+bXx) ]|

(—1+Tan[

N |
N |

JxCos[a+bx} Sin[a+bx]3?dx

Optimal (type 4, 65leaves, 3 steps):
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. . 1 s
12E111pt1cE[; (a— ;+bx), 2] 4Cos[a+bx]Sin[a+bx]%2 2xSin[a+bx]5%?2

+ +
25 b2 25 b? 5b

Result (type 4, 186 leaves):

_ ! VSinfabx]

25b2\/Tan[§ (a+bx)]

<a+bx)]2 -

N |
N |

[12 (71) >4 EllipticE [J‘l Ar‘cSinh[ (,1) 1/4 \/Tan[

(a+bx)] |, 1]\/Sec[

2 2

12 (-1)%* EllipticF[lercSinh[(-1)”“\/Tan[l (a+bx)] |, -1] \/Sec[l (a+bx)]* +

\/Tan[% (a+bx)] |-5bx+5bxCos[2 (a+bx)]|-2Sin[2 (a+bx)] +12Tan[§ (a+bx)]

Problem 347: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

ijos[a+bx1
\/Sinf[a +bx]

Optimal (type 4, 38 leaves, 2 steps):
4EllipticE[§ (a— §+bx), 2] 2x/Sin[asbx]

+

b? b

Result (type 4, 162 leaves):

2+/Sin[a + b x]

[2 (—1)3/4EllipticE[iAr‘cSinh[(—1)1/4\/Tan[% (a+bx)] |, -1] \/Sec[% (a+be2 -

2 (—1)3/4Ellip‘cicF[JiAr‘cSinh[(—1)1/4\/Tan[l (a+bx)] |, -1] \/Sec[l (a+bx)]2 +

2 2

]/[bz\/Tan[i (a+bx)] ]]

Problem 356: Result unnecessarily involves complex numbers and more than

2 2

\/Tan[l (a+bx)] —bx+2Tan[l (a+bx)]




Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig”™n trig”\p.nb | 121

twice size of optimal antiderivative.

JxCos[a+bx} \Cscla+bx] dx

Optimal (type 4, 58 leaves, 3 steps):

2 x 4-/Cscla+bx] EllipticE[% (a— §+bx), 2] /sin[a+bx]
b~/Csc[a+bx] b?

Result (type 4, 161 leaves):

4-/Cscla+bx] —2(—1)3/4EllipticE[JiAr'cSinh[(—1)1/4\/Tan[l(a+bx)] ], -1] +
2

2 (-1)** EllipticF[jArcSinh[(-1)1/4\/Tan[ (a+bx)] ], -1] +

N |

(bx—ZTan[i (a+bx>]) \/Tan[% (a+bx)]

JSec[i (a+bx)]?

\/Tan[%(aerx)} /[bz\/Sec[i(aerx)]z

N

Problem 358: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JxCos[a+bx]

Csc[a+bx]3/?

Optimal (type 4, 85leaves, 4 steps):
2 X 4 Cos[a+bx]
S5bCsc[a+bx]®?2 25b2Csc[a+bx]3?

12 +/Csc[a +bx] EllipticE[i (a— §+bx), 2] V/Sin[a+bx]

25 b?

Result (type 4, 190leaves):
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5bx-5bxCos |2 (a+bx)] +2Sin|2 (a+bx)] -

12 (—1)3/4\/7\/1 EllipticE[iAr‘cSinh[(—1)1/4\/Tan[l
1+Cos[a+bx] 2

\/Tan[% (a+bx)]

12 (*1)3/4 \/? ; ElliptiCF []l Ar‘cSinh[ (71>1/4 Tan[
1+ Cos[a+bx]

\/Tan[

Problem 376: Result more than twice size of optimal antiderivative.

+

N |

(o] 1,

(a+bx)] | -12Tan[ = (a+bX) | /(Zsbzm)

N |
N |

J(c+dx)3Csc[a+bx]ZSin[3a+3bx] dx

Optimal (type 4, 255 leaves, 20 steps):

6 (c+dx)’ArcTanh[e! 30X ] 24d? (c+dx) Cos[a+bx]
- - +
b b3
4 (c+dx)’Cosfa+bx] 9id (c+dx)*PolyLog[2, e (@PX]
N _
b b?
9id (c+dx)?Polylog[2, e' @®¥ ] 18d? (c+dx) PolylLog[3, -ef (32X ]
b2 . b '
18d? (c +dx) Polylog[3, e’ (2**X | 18 i d* PolylLog[4, -e® (30X ]
b3 ) b i
18 i d* PolyLog[4, e* @*®X |  2ad3sin[a+bx] 12d (c+dx)?Sinfa+bx]
b i b . b2

Result (type 4, 515leaves):

(a+bx)] |, -1]




Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig”™n trig”\p.nb | 123

b% -6b*c® ArcTanh[e! @**) ] 1 4b®c®Cos[a+bx] -24bcd*Cos[a+bx] +
12b3c?dxCos[a+bx] -24bd>xCos[a+bx] +12b3>cd*x?>Cos[a+bx] +
4b*>d®x*Cos[a+bx] +9b>c2dxLog[l-e' P¥ ] +9b3cd?x?Log[1-e' (@PX]
3b%d?x® Log[1-e! @®¥ ] —9b3c?dxLog[l+e! @P¥ ]| _9b3cd?x?Log[1l+e! (@PX)] -
3b°d®x® Log[1+e! @] +9ib?d (c+dx)?Polylog[2, -e! (@0X] -
9ib’d (c+dx)?Polylog[2, e* @¥ ] -18bcd?Polylog[3, -e' (@*0X] -
18 b d®> x Polylog[3, -e* @*®* | + 18 b c d? PolyLog[3, e* ®*** | + 18 b d*> x PolyLog[3, e* @***) | -
18 i d® Polylog |4, -e' @**) ] + 18 i d® Polylog|4, e' @**¥ | ~12b>c?dSin[a+bx] +
24d3Sin[a+bx] -24b%cd?xSin[a+bXx] —12b2d3xzsin[a+bx])

Problem 382: Result more than twice size of optimal antiderivative.
J(c+dx)45ec[a+bx] Sin[3a+3bx] dx

Optimal (type 4, 299 leaves, 20 steps):

6cd3x 3d4x® (c+dx)* i(c+dx)’ (c+dx)*Log[1+e?t (200
+ - - +

b3 b3 b 5d b

2id (c+dx)’Polylog[2, -e?! (30 ] . 3d? (c+dx)?Polylog[3, e (20X ] .
bZ b3

3id* (c+dx) Polylog[4, —e2i (@6X) ]  3d%Ppolylog|s, -2t (26X |
b* B 2 ps N

6d> (c+dx) Cos[a+bx]Sin[a+bx] X 4d (c+dx)3Cos[a+bx] Sin[a+bx] .
b* b2

3d4Sinfa+bx]?2 6d? (c+dx)25in[a+bx12 2 (c+dx)*sinfa+bx]?

b . b3 : b

Result (type 4, 2517 leaves):

—L3C2d2<e’jla (ZJ'leX2 (Zbe“ax+3:|i (1+e“a) Log[1+ezj(a*bx)]) +
2b
6ib (1+e’'?) xPolylog[2, -e>! @*X) | -3 (1+e?"?) PolyLog|3, -e’! ®¥ |) sec[a] +

1

2 b4
(2 b*x* +4 1 b x3 Log[1+«92iL ““*bx)] +6b%x? PolyLog[Z, -2t (a*b")] +

]-lcd3ella (_X4+<1+e721'1a) X4_ 6721'1a (1+‘eZia>

6 i bxPolyLog[3, -e! (®¥ | —3Polylog[4, -e2! (@PX) ]} | Sec[a] +

-x + <1+<e’2jla) x° - %e’“a (1+ena> <4b5X5+101'1b4X4 Log[1+cezjl (a*bx)} +
4b
20 b® x> Polylog|2, -e?! (@*X)] 1 3@ i b? x? PolyLog |3, -e?! (@PX) ] _

ljdéleia
5

30 b x Polylog |4, -e?* (@*X) ] —15i Polylog[5, -e*! (X |} | sec[a] +

(c*secla] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]®+Sin[a]?)) +
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2 c3 dCsc [a] bz e—i ArcTan[Cot[a]] X2 _ 1

1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -nLog[1+e2PX] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) ] ;11 og[Cos [bx]] - 2 ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e?* (Px-ArcTaniCotiall) ) | sec[a] /

40 b° 40 b°

(-20b* c*Cos[a] +40 1 b’ c®dCos[a] +6@b*>c*d*Cos[a] -6@ibcd®Cos[a] -
30d* Cos[a] -80b*c3>dxCos[a] +1201 b3>c?d?>xCos[a] +120b2cd®>xCos[a] -
601 bd*xCos[a] -120b*c?d’x?Cos[a] +120i b3cd®x?Cos[a] +
60 b% d* x?>Cos[a] -80b*cd3®x3Cos[a] +40 1 b3d*x3Cos[a] - 20 b*d* x* Cos[a] -
201 b°c*xCos[a+2bx] -401ib°>c3>dx?*Cos[a+2bx] -401b°>c?d>x>Cos[a+2bx] -
20ib°cd3>x*Cos[a+2bx] -41b°>d*x°Cos[a+2bx] +201b°c*xCos[3a+2bx] +
401b>c3dx?Cos[3a+2bx] +401b°c?d®’x3Cos[3a+2bx] +
201 b°cd®>x*Cos[3a+2bx] +41b°d*x°Cos[3a+2bx] -10b*c*Cos[3a+4bx] -
201 b3>c>dCos[3a+4bx] +30b%>c>d’Cos[3a+4bx] +30ibcd®Cos[3a+4bx] -
15d*Cos[3a+4bx] -40b*c>dxCos[3a+4bx] -601b>c?d®*xCos[3a+4bx] +
60b%>cd3>xCos[3a+4bx] +301bd*xCos[3a+4bx] -60b*c?d?>x?>Cos[3a+4bx] -
601 b3cd>x?Cos[3a+4bx] +30b%d*x>Cos[3a+4bx] -40b*cd®x3Cos[3a+4bx] -
20ib3d*x3>Cos[3a+4bx] -10b*d*x*Cos[3a+4bx] -10b*c*Cos[5a+4bx] -
20ib3c>dCos[5a+4bx] +30b%>c?d?’Cos[5a+4bx] +30ibcd®Cos[5a+4bx] -
15d*Cos[5a+4bx] -40b*c3>dxCos[5a+4bx] -601b>c?d>xCos[5a+4bx] +
60b%cd®>xCos[5a+4bx] +30ibd*xCos[5a+4bx] -60b*c?>d?>x?>Cos[5a+4bx] -
601b>cd®x?Cos[5a+4bx] +30b2d*x>Cos[5a+4bx] -40b*cd®>x>Cos[5a+4bx] -
201 b3>d*x®*Cos[5a+4bx] -10b*d*x*Cos[5a+4bx] +20b° c*xSin[a+2bx] +
40b°> c3dx?Sin[a+2bx] +40b°c?2d®x3Sin[a+2bx] +20b° cd®x*Sin[a+2bx] +
4b°d*x*Sin[a+2bx] -20b°c*xSin[3a+2bx] -40b°>c*dx*Sin[3a+2bx] -
40b° c?d?x®>Sin[3a+2bx] -20b°cd®*x*Sin[3a+2bx] -4b°>d*x*>Sin[3a+2bx] -
101 b*c*Sin[3a+4bx] +20b3c3dSin[3a+4bx] +301b%>c?d®’Sin[3a+4bx] -
30bcd®*sin[3a+4bx] -151d*Sin[3a+4bx] -401ib*c>dxSin[3a+4bx] +
60b®>c?2d?’xSin[3a+4bx] +601ib?cd®xSin[3a+4bx]-30bd*xSin[3a+4bx] -
601 b*c?d’x?Sin[3a+4bx] +60b>cd®*x?Sin[3a+4bx] +301ib>d*x?*Sin[3a+4bx] -
401 b*cd®*x>Sin[3a+4bx] +20b>d*x3>Sin[3a+4bx] -101b*d*x*Sin[3a+4bx] -
10ib*c*Sin[5a+4bx] +20b3c*dSin[5a+4bx] +301b%>c?d®>Sin[5a+4bx] -
30bcd®*Sin[5a+4bx] -151d*Sin[5a+4bx] -40ib*c3dxSin[5a+4bx] +
60b>c?d?’xSin[5a+4bx] +601b%*cd*xSin[5a+4bx] -30bd*xSin[5a+4bx] -
601b*c?d?>x?Sin[5a+4bx] +60b3cd>x>Sin[5a+4bx] +301ib%>d*x?Sin[5a+4bx] -
40ib*cd’x’Sin[5a+4bx] +20b°d*x’Sin[5a+4bx] -10ib*d*x*Sin[5a+4bx])

(bz\/Csc[a]z(Cos[a]2+sin[a}2) )+Sec[a] Cos[2a+2bx] iSln[2a+2bx])

Problem 383: Result more than twice size of optimal antiderivative.

J(c+dx)35ec[a+bx] Sin[3a+3bx] dx

Optimal (type 4, 242 leaves, 19 steps):
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3d3 x (c+dx>3 j(c+dx)4 <c+dx)3Log[1+e2ﬁ(a+bx)]

- - +

2 b3 b 4d b
3id (c+dx)?Polylog[2, -e? @PX) | 34d2 (c+dx) Polylog[3, e (2% ]
2 b2 ' 2 b3 '
31 d*Polylog[4, -2 (@®¥ | 343 Cos[a+bx] Sin[a+bx]
4 b* . 2b* :
3d (c+dx)®Cos[a+bx]Sin[a+bx] 3d?(c+dx)Sinfa+bx]? 2 (c+dx)’Sin[a+bx]?2
b2 ) b3 : b

Result (type 4, 1733 leaves):
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—713cd2 e’ (2ib’x? (2be’*?x+31i (1+e’*?) Log[1+e?! (@0 )
4b
6ib (1+e’*?) xPolylog[2, -e?! (@PX) | 3 (1+e?%?) PolyLog|3, -e*! (®¥) |) Sec[a] +

Lidete [ xth (1re?ie) xt o %e’“a (1+e2'2) (2b%x*+41b>x®Log[1+e?! (20X ] 4 6 b2
4 2b
x? Polylog[2, -e2! (@*X) | 4+ 6 i bxPolyLog|3, -e?* (¥ | —3Polylog[4, -e?! (32X |)
Sec[a] + (c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])) /
(b (Cos[a]?+sin[a]?)) +

3 C2 d Csc [a] bz e—i ArcTan[Cot[a]] X2 _ 1

1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTaniCotlall) ] ;11 og[Cos [bx]] - 2 ArcTan[Cot[a]]

Log[Sin[bx - ArcTan[Cot[a]]]] + i Polylog[2, e?* (Px-ArcTaniCotiall) ) | sec[a] /

Cos[2a+2bx] 1iSin[2a+2bx]

16 b* 16 b*

(-8b*c*Cos[a] +12i b*c*dCos[a] +12bcd?Cos[a] - 61 d’>Cos[a] -24b> c>dxCos[a] +
24ib>cd?’xCos[a] +12bd3xCos[a] -24b3cd?x?Cos[a] +121b%>d>x%Cos[a] -
8b3d3>x3Cos[a] -81b*c>xCos[a+2bx] -121b*c?dx?Cos[a+2bx] -
8ib*cd?’x>Cos[a+2bx] -21b*d>x*Cos[a+2bx] +8ib*c3>xCos[3a+2bx] +
121 b%*c?dx?Cos[3a+2bx] +8ib*cd?’x3Cos[3a+2bx] +2ib*d>x*Cos[3a+2bx] -
4b3c3Cos[3a+4bx]-61b>c?dCos[3a+4bx] +6bcd?Cos[3a+4bx] +
3id3Cos[3a+4bx]-12b>c?dxCos[3a+4bx] -121b>cd?’xCos[3a+4bx] +
6bd3>xCos[3a+4bx] -12b3cd*x?*Cos[3a+4bx] -61b?>d>x*Cos[3a+4bx] -
4b3d3x>Cos[3a+4bx] -4b3>c®>Cos[5a+4bx]-61b>c>dCos[5a+4bx] +
6bcd’Cos[5a+4bx] +31d3Cos[5a+4bx] -12b3c?dxCos[5a+4bx] -
12ib*cd?®xCos[5a+4bx] +6bd>xCos[5a+4bx]-12b>cd?®x?Cos[5a+4bx] -
6ib>d>x?Cos[5a+4bx] -4b3d3>x>Cos[5a+4bx] +8b*c3>xSin[a+2bx] +
12b%*c?dx?Sin[a+2bx] +8b*cd?x*Sin[a+2bx] +2b*d*x*Sin[a+2bx] -
8b*c3>xSin[3a+2bx] -12b*c?2dx?Sin[3a+2bx] -8b*cd*x*Sin[3a+2bx] -
2b*d>x*sin[3a+2bx] -4ib3c®Sin[3a+4bx] +6b%>c?dSin[3a+4bx] +
6ibcd®*Sin[3a+4bx] -3d3Sin[3a+4bx]-121b3c?dxSin[3a+4bx] +
12b%cd*xSin[3a+4bx] +6ibd>xSin[3a+4bx] -12ib3cd®x?Sin[3a+4bx] +
6b2d3>x?Sin[3a+4bx] -41b3>d>x>Sin[3a+4bx] -41b>c>Sin[5a+4bx] +
6b2c?2dsSin[5a+4bx] +6ibcd*Sin[5a+4bx] -3d3>Sin[5a+4bx] -
121 b3c?dxSin[5a+4bx] +12b%cd?’xSin[5a+4bx] +61bd3>xSin[5a+4bx] -
12ib’cd*x*Sin[5a+4bx] +6b*d’x*Sin[5a+4bx] -4ib’>d®x*Sin[5a+4bx])

(2 bzx/Csc[a]2 (Cos[a]?+sin[a]?) ) +Sec[a]

Problem 384: Result more than twice size of optimal antiderivative.

J(c+dx)25ec[a+bx] Sin[3a+3bx] dx

Optimal (type 4, 173 leaves, 14 steps):
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2cdx d?x2 Ji(c+dx)3 <C+dx>2|_og[1+e21(a+bx)]
- - - +

b b 3d b
id(c+dx) Polylog|2, -e?* (@0x ]| d2Polylog|3, -e?! (20X |
b? : 2 b3 :
2d (c+dx) Cos[a+bx] Sin[a+bx] d?Sin[a+bx]2 2(c+dx)zsin[a+bx]2
b2 i b3 ' b

Result (type 4, 523 leaves):
1
12 b3
6ib (1+e’*?) xPolylog[2, -e?! (@PX) | -3 (1+e?%?) PolyLog[3, -e*! (®X) |) sec[a] +
(c*secla] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin(a])) /
(b (Cos[a]®+Sin[a]?)) +

d*>e'? (21b?x* (2be®*?x+3i (1+e”"?) Log[1+e?! (PX ]) +

: 1
cdCsc[a] |b®e PArcTaniCotiall x2 . ——————Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -
1+ Cot[a]?
nlog[1+e?'PX] -2 (bx-ArcTan[Cot[a]]) Log[1-e?* (bx-ArcTan(Cotiall) ]
sLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx -ArcTan[Cot[a]]]] +

i Polylog|2, ' (bxArcTaniCotiall) ) | sec[a] /(bz\/Csc[a12 (Cos[a]?+sin[a]?) )—

1
—3Cos[2bx] (2b®c®Cos[2a] -d*Cos[2a] +4b*cdxCos[2a] +2b*d®x*Cos[2a] -
2b

2bcdsin[2a] -2bd*xSin[2a]) +
2 b3
(2bcdCos[2a] +2bd*xCos[2a] +2b*c*Sin[2a] -d*Sin[2a] +4b*>cdxSin[2a] +
1
2b*d*x*sin[2a]) Sin[2bx] - = x (3c®+3cdx+d®x*) Tan[a]
3

Problem 385: Result more than twice size of optimal antiderivative.

J(c+dx) Sec[a+bx] Sin[3a+3bx] dx

Optimal (type 4, 107 leaves, 13 steps):

dx 1 (c+dx)? (c+dx) Log[1l+e?! (@DX]
_9x . )

b 2d b
idPolylog[2, -e*! (**X | qdcos{a+bx]Sin[a+bx] 2 (c+dx)Sin[a+bx]?
+ +
2 b2 b2 b

Result (type 4, 257 leaves):
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cCos[Z (a+bXH clLog[Cos[a+bx]]

- + +
b b
. 1
dCscla] |b? e tArcTaniCotiall y2  —————Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -
1+ Cot[a]?

nlog[l+e?'PX] -2 (bx-ArcTan[Cot[a]]) Log[1-e?! (bx-ArcTan(Cotiall) ]
mLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

i PolyLog[Z, er (b x-ArcTan[Cot[a]]) ] ) Sec [a] /

dCos[2bx] (2bxCos[2a] -Sin[2a])
2 b?

(sz\/Csc[a]2 (Cos[a]?+sin[a]?) ) N
d (Cos[2a] +2bxSin[2a]) Sin[2bx]

2b2

1

2
d
X
Tan[a]

2

Problem 389: Result more than twice size of optimal antiderivative.

J(c+dx)3Sec[a+bx]zsin[3a+3bx] dx

Optimal (type 4, 230leaves, 19 steps):
6id (c+dx)?ArcTan[e! @®% ] 24d2 (c+dx) Cos[a+bx] 4 (c+dx)>Cos[a+bx]
- +

- +

b? b3 b
61id> (c+dx) Polylog[2, -ie! @*®¥ ] 6id? (c+dx) Polylog[2, ie! (30X ]
b3 b3 B
6 d> Polylog(3, -ie' (@) |  6d>Polylog|3, i el @bx |
b4 + b4 —
(c+dx)’secfa+bx] 24d*Sin[a+bx] 12d (c+dx)*Sinfa+bx]
- +
b b4 b2

Result (type 4, 532 leaves):
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1
-—Sec[a+bx]
b4
(3b°c®-12bcd*+9b>c?dx-12bd®x+9b*>cd’x* +3b>d®x* + 6 i b> > d ArcTan e’ @PX) ]

Cos[a+bx] +2b>c®Cos[2 (a+bx)|-12bcd?Cos[2 (a+bx)]| +6b>c?dxCos[2 (a+bx)] -
12bd*>xCos[2 (a+bx)| +6b%>cd®x*Cos[2 (a+bx) ]| +2b*d®x’ Cos[2 (a+bx”—
6b2cd?xCos[a+bx] Log[1-ie! @] _-3b?d>x*Cos[a+bx] Log[l-ie! @PX) ]
6b%cd?>xCos[a+bx] Log[1+jei<a*bx]+3b2d3x2Cos[a+bx} Log[1+1e (asbx) ] _
6ibd> (c+dx) Cos[a+bx] Polylog[2, -ie' ®®¥]|+6ibd® (c+dx)
Cos[a+bx] Polylog[2, i e @®¥ ] +6d°Cos[a+bx] PolylLog|[3, -ie’ @®x | -
6 d> Cos[a+bx] Polylog[3, ie' @®¥ | -6b’c?dSin[2 (a+bx)] +
12 d*sin[2 (a+bx”—12b2cd2xSin[2<a+bx)]—6b2d3xzsin[2 (a+bx”)

Problem 390: Result more than twice size of optimal antiderivative.
J(c+dx)25ec[a+bx]2Sin[3a+3bx] dx

Optimal (type 4, 147 leaves, 15 steps):
4id(c+dx)ArcTan[e’ @®¥ | 8d2Cos[a+bx]

b2 b3
4 (c+dx)*Cos[a+bx] 2id?Polylog[2, —ief (2% ]
b i b3 )
21id?Polylog[2, ie! @®¥] (c+dx)?Secfa+bx] 8d(c+dx)Sin[a+bx]
b3 . b ' b2

Result (type 4, 364 leaves):

. b x
= 4bcdArcTanh[Sin[a] + Cos[a] Tan[TH +
b

b x 1
2 ArcTan[Cot[a]] Ar‘cTanh[Sin[a] +Cos[a] Tan[fH - ——Csc[a]
2 Cscla]?
< (bX _ ArcTan [COt [a} ] ) (Log[l _ e]‘l (b x-ArcTan[Cot[a]] ] Log[l 4 e (b x-ArcTan[Cot[a]]) } ) ¥

2d?

i PolyLog [2, _ejl (b x-ArcTan[Cot[a]]) ] _i PolyLog [2, ei (b x-ArcTan[Cot[a]]) ] ) ] _

b2 (c+dx)25ec[a]—4Cos[bx] ((—2d2+b2 (c+dx)2) Cos[a] -2bd (c+dx) Sin[a]) +
4(2bd(c+dx) Cos[a] + ( 2d%+b? (c+dx) )Sin[a])Sin[bx]—

b? (c+dx 2sin [TX]

+

(Cos[é]fsin[gn (Cos[i a+bx)]751n[ (a+bx)])

)
(

b2 (c+dx)?sin[2X]
(

(Cos[§]+sin{ ” (Cos[% a+bx)]+Sin[§<a+bx)])
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Problem 397: Result more than twice size of optimal antiderivative.

Jx Cos[2 x] Sec[x]3dx

Optimal (type 4, 67 leaves, 19 steps):

Sec[X]

) ) 3. o 3 o
—31xArcTan[e“} + — nPolyLog[Z, -1 e“] - f]lPolyLog[Z, nelx] + - —xSec[x] Tan[x]
2 2

2 2

Result (type 4, 146 leaves):

1 , . . .

= |6xLog[1-ie**| -6xLog[1l+ie'*|+61iPolyLog|2, -ie'*]-61iPolylog|2, ie'*|+
4

2Sin[§] N ZSin[i] o
+ - +
Cos[i]—sin[f] (Cos[ﬁ+$in[§])2 cos[§]+sin[§} -1+Sin[x]




Mathematica 11.3 Integration Test Results for 4.7.3 (c+d x)~m trig”™n trig”\p.nb | 131

Summary of Integration Test Results

397 integration problems

A - 307 optimal antiderivatives

B - 83 more than twice size of optimal antiderivatives
C - 7 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



